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Ariki–Koike algebra

Let n, e, p ∈ N∗ with e ≥ 2. Let q, ζ be some elements of a field F
of respective order e, p. Let Λ = (Λi )i be a Z/eZ-tuple of
non-negative integers and set r := p

∑
i Λi .

The Ariki–Koike algebra HΛ
n (q) is a Hecke algebra of the complex

reflection group G(r , 1, n). It is a F -algebra generated by
S,T1, . . . ,Tn−1, the “cyclotomic relation” being:∏

i∈Z/eZ

∏
j∈Z/pZ

(S − ζ jqi )Λi =
∏

i∈Z/eZ
(Sp − qpi )Λi = 0.

Remarks
G(r , 1, n) ' (Z/rZ)n oSn.
The algebra HΛ

n (q) is a deformation of the group algebra
F [G(r , 1, n)].
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Basis for the Ariki–Koike algebra

Definition
We set X1 := S and for a ∈ {1, . . . , n − 1} we define Xa+1 ∈ HΛ

n (q)
by:

qXa+1 := TaXaTa.

For a ∈ {1, . . . , n − 1}, we denote by sa the transposition
(a, a + 1) ∈ Sn. Let w ∈ Sn and let ` minimal such that there exist
a1, . . . , a` ∈ {1, . . . , n − 1} with w = sa1 · · · sa` . We now define:

Tw := Ta1 · · ·Ta` ∈ HΛ
n (q).

This element Tw depends only on w and not on a1, . . . , a`.

Proposition
The elements Xm1

1 · · ·Xmn
n Tw for ma ∈ {0, . . . , r − 1} and w ∈ Sn

form an F -basis of HΛ
n (q).
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Cyclotomic quiver Hecke algebra

Let Γ be a quiver (= oriented graph) with vertex set K . The quiver
Hecke algebra Rn(Γ) is generated over F by:

e(k) for k ∈ Kn,

y1, . . . , yn,

ψ1, . . . , ψn−1,

together with some relations. This algebra has a natural Z-grading.

Exemple of relation

For k ∈ Kn such that ka
Γ→ ka+1 then ψ2

ae(k) = (ya+1 − ya)e(k).

For Λ = (Λk)k∈K ∈ NK , the cyclotomic quiver Hecke algebra RΛ
n (Γ)

is the quotient of Rn(Γ) by the relations yΛk1
1 e(k) = 0 for k ∈ Kn.
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Basis for the quiver Hecke algebra

Similarly to the definition of Tw , let w ∈ Sn and let ` minimal such
that w = sa1 · · · sa` with a1, . . . , a` ∈ {1, . . . , n− 1}. We can define:

ψw := ψa1 · · ·ψa` ∈ Rn(Γ).

Remark
Contrary to Tw , the element ψw may depend on the chosen
a1, . . . , a`.

Proposition
The elements ya1

1 · · · yan
n ψwe(k) for ai ∈ N,w ∈ Sn and k ∈ Kn

form an F -basis of Rn(Γ).

The image of this basis in the cyclotomic quotient Rn(Γ) spans
Rn(Γ) over F , but it is not clear at all how to extract a basis.
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Graded isomorphism theorem (I)

Theorem (Brundan–Kleshchev, Rouquier, 08)
The Ariki–Koike algebra HΛ

n (q) is isomorphic over F to the
cyclotomic quiver Hecke algebra RΛ

n (Γe,p), where Γe,p is given by:

0
1

2
. . .

...

e−1
0

1

2
. . .

...

e−1
. . . . . . . . .

0
1

2
. . .

...

e−1

︸ ︷︷ ︸
p′:= p

gcd(p,e) copies



Graded isomorphism theorem (II)

The set of vertices of Γe,p is :{
ζ jqi : i ∈ Z/eZ, j ∈ Z/pZ

}
.

In particular, the integer p′ is the smallest m ≥ 1 such that
ζm ∈ 〈q〉 : hence, the vertex set of Γe,p is in bijection with
Z/eZ× Z/p′Z.

The arrows are v → qv for v = ζ jqi a vertex.

Corollary 1
The Ariki–Koike algebra is (non-trivially) Z-graded.

Corollary 2
If q̃ is another primitive eth root of unity in F then HΛ

n (q) ' HΛ
n (q̃).
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Graded isomorphism theorem (III)

The isomorphism of Brundan and Kleshchev isomorphism is
constructed using some elements Pa(i , j) and Qa(i , j) of
F [[ya, ya+1]], for a ∈ {1, . . . , n− 1}, i ∈ (Z/eZ)n and j ∈ (Z/p′Z)n.
These elements have to satisfy some properties depending of Γe,p.

The images of the generators of HΛ
n (q) are given by:

Xa 7→
∑
i ,j
ζ jaqia (1− ya)e(i , j),

for 1 ≤ a ≤ n and:

Ta 7→
∑
i ,j

[
ψaQa(i , j)− Pa(i , j)

]
e(i , j),

for 1 ≤ a ≤ n − 1.
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Analogue for the Hecke algebra of G(r , p, n)
We define an automorphism σ of order p of HΛ

n (q) by setting:

σ(S) := ζS, ∀a, σ(Ta) := Ta.

The subalgebra HΛ
p,n(q) := HΛ

n (q)σ of fixed points is a Hecke
algebra of the complex reflection group G(r , p, n).

Remark
The subalgebra HΛ

p,n(q) does not depend on the choice of ζ.

Question
Can we transpose the previous results involving the Ariki–Koike
algebra to the subalgebra HΛ

p,n(q) ⊆ HΛ
n (q)?

In particular:
is it isomorphism to something like a cyclotomic quiver Hecke
algebra;
is it a graded subalgebra;
does it depend on the choosen roots of unity.
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Fixed-point quiver Hecke subalgebra

Let σ : K → K a bijection of finite order p such that:

∀k, k ′ ∈ K , k → k ′ =⇒ σ(k)→ σ(k ′).

Proposition
The map σ induces a well-defined homogeneous automorphism of
Rn(Γ) by:

∀k ∈ Kn, σ(e(k)) := e(σ(k)),
∀a ∈ {1, . . . , n}, σ(ya) := ya,

∀a ∈ {1, . . . , n − 1}, σ(ψa) := ψa.

Definition
We set:

Rn(Γ)σ := {h ∈ Rn(Γ) : σ(h) = h}.
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Fixed-point quiver Hecke subalgebra

Theorem (R., 2016)
We can give a (nice) presentation of Rn(Γ)σ in terms of the
following generators:

e(γ) := e(k) + e(σ(k)) + · · ·+ e(σp−1(k)) for γ = [k] ∈ Kn/〈σ〉,
y1, . . . , yn,

ψ1, . . . , ψn−1.

Exemple of relation
If γ ∈ Kn/〈σ〉 verifies “γa → γa+1” then ψ2

ae(γ) = (ya+1 − ya)e(γ).

Remark
Let γ, γ′ ∈ Kn/〈σ〉. The quantities γa ./ γ

′
b for ./ ∈ {=, 6=,→}

are well defined if and only if γ = γ′.
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Fixed-point cyclotomic quiver Hecke subalgebra
We now assume that Λk = Λσ(k) for all k ∈ K .

Theorem (R., 2016)
The automorphism σ induces an automorphism of RΛ

n (Γ). Moreover:

RΛ
n (Γ)σ ' Rn(Γ)σ

/〈
yΛγ1
1 e(γ) = 0 : γ ∈ Kn/〈σ〉

〉
.

Idea of the proof.
We construct two maps inverse to each other.

We define f : Rn(Γ)σ /〈·〉 → RΛ
n (Γ)σ using the presentation of

the algebra.
We define g : RΛ

n (Γ)σ → Rn(Γ)σ /〈·〉 using the map
µ : RΛ

n (Γ)→ RΛ
n (Γ)σ defined by:

µ := 1
p

p−1∑
j=0

σj .
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Analogue of σ in RΛ
n

We have the following situation :

HΛ
n (q) RΛ

n (Γe,p)

σ

∼

?

where Γe,p is defined by:
its vertex set Z/eZ× Z/p′Z ' {ζ jqi : i ∈ Z/eZ, j ∈ Z/pZ} ;
its arrows v → qv where v = ζ jqi .

Definition
We define the map σ on Z/eZ× Z/p′Z by σ(v) := ζv .

Note that this map respects the arrows v → qv .
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Illustration

We consider the case e := 6, p := 9 and p′ = 9
gcd(9,6) = 3. The map

σ defined on Z/eZ× Z/p′Z is given by:

0
1

2
3

4

5
0

1

2
3

4

5
0

1

2
3

4

5

translation translation translation

+

rotation by η
where η ∈ Z/eZ is determined by the equality ζp′ = qη.
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This is a good analogue

Recall that from the map σ : Z/eZ× Z/p′Z→ Z/eZ× Z/p′Z we
can deduce an automorphism σ of RΛ

n (Γe,p), defined by:

σ(e(i , j)) := e(σ(i , j)),
σ(ya) := ya,

σ(ψa) := ψa.

Theorem (R., 2016)
We can choose the elements Pa(i , j) and Qa(i , j) such that the two
maps σ coincide under the isomorphism HΛ

n (q) ' RΛ
n (Γe,p).

Corollary

HΛ
p,n(q) ' RΛ

n (Γe,p)σ.
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Consequences

Remark
This choice of elements Pa(i , j) and Qa(i , j) was used by
Stroppel and Webster while studying cyclotomic quiver Schur
algebras.
The two maps σ do not coincide if we make the choice of
Pa(i , j) and Qa(i , j) proposed by Brundan and Kleshchev.

Recall that we wanted to answer the following questions:
is HΛ

p,n(q) isomorphic to something like a cyclotomic quiver
Hecke algebra;

X

is it a graded subalgebra;

X

is it independent on the choosen roots of unity.

X
Recall that η ∈ Z/eZ is defined by qη = ζp′ , where p′ is the
smallest integer m ≥ 1 such that ζm ∈ 〈q〉.

Lemma
If q̃ is another primitive eth root of unity, there exists a primitive
pth root of unity ζ̃ such that q̃η = ζ̃p′ .
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