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Multiplicative Horn Problem

n>2 a=1>a1>ay>--->a,>0.

O(a) = {UDiag(e* ™ ... e*™an\y* U e U(n)} C U(n).

Question : Take (A, B) € O(«) x O(B). What are the possible
stC=ABecO(y)?
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(UK) D> ai+> Bi< Y w+d

icl jeJ keK

1/48



Multiplicative Horn Problem

n>2 a=1>a1>ay>--->a,>0.

O(a) = {UDiag(e* ™ ... e*™an\y* U e U(n)} C U(n).

Question : Take (A, B) € O(«) x O(B). What are the possible
st C=AB e O(y) ? First |a| + || — |y| € Z. S. Agnihotri, P.
Belkale and C. Woodward :

(A, B, C) € SU(n) : AB = C iff
VO<r<nd>01JKEe ([f]):c,’ff>o,

(UK) D> ai+> Bi< Y w+d

icl jeJ keK

Today : (A, B) ~ O(a) x O(B). Describe dP[y|«, 3.
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Discrete hexagon and lozenges

L] L] L] L]
L] L] L] L] L]
vl vt
. ° ° 3 ° [ ) ° ° U3
. . . . . . v: e o i gyl e o 2
. . . . . . L4
3
v 2
L] L] L] L] L] L]
[ ] L[]
L] L] L] L] L]
. o ,l
L] L] L] L] L] U4
: Rgpforn=8and d =3 Figure 2: Lozenges in Ry p
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Regular labeling

Regular labeling

g :Ran— Zs

cyclic boundary conditions,

V= (v vZ v3,v4),

(g(v?) = g(v*) = {g(v'), g(v*)} = {g(v*) + 1,8(v?) + 2}.

1®* 0°
2¢ 1° 2°
0o® 0® o0°* 1°
1®* 2¢ o0°

Figure 3: A regular labeling of R 3.
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Toric hives

Toric rhombus concave function
f:Ran— R, f(v2) + f(v*) > f(v1) + f(v3) with = if

(g(v'),&(v*),8(v*),g(v*)) = (a,a+1,a+2,a+1).

Gz = {f\supp(g); f : Ry.n — R toric rhombus concave with respect to g} .

Toric hive polytope

PE 5., = {f €Cq : fior,, = (. B,7)}-

4/48



Toric hive function

16 33

23 23

VAWAY
. YAVAN

1. 0. 54
2 B

2* 1% 2° NSNL S

0® 0® 0°® 1°

Figure 5: An toric rhombus concave

1®* 2¢ (°® function with boundary conditions
o= (35> > %)
Figure 4: A regular labeling B=($>3>%)
of Ry 3. 7= (35222 5)
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Boundary conditions

T (11 Bl+a / no
18]+ 2 ]aj 3 + i Bl4or gy g
- 0oo . .
P+ e ® . sl
3 o
° o
° o
18] + Z;:ll ; . . Zilil] B
Bl =|v|+d . . de ,
d+z;1m . . 1+Z71ﬂ
K o
° o
° o
d+211,z i o d—1+8
d . . 0oo . °
A+ p
e d+ S5 d+m

Figure 6: Boundary conditions in P2 ;
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Main Result

Theorem [F. - Tarrago]

CnA(GZI'ﬂw)
dP[yle, B] = & CLOINCD > Volg (PS ;).

g:Rd,n—73 regular

First Density formula via Fourier Analysis
Link with quantum Cohomology
Dual hives

Convergence to a Volume
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First Density formula via Fourier
Analysis



Measure my

v : U(n) — O(0) C SU(n)
U U™ U

induces the probability distribution

my = py#dg

on O(6) where dg is the Haar measure on U(n).

8/48



Convolution

(A,B) € O(a) x O(B) ~ my @ mg. Then, C = AB ~ m,, g where
Mgy 3 = Mo * Mg = Mult#(mq ® mg).

me, 5 : multiplicative convolution of m, and mg.
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Convolution

(A,B) € O(a) x O(B) ~ my @ mg. Then, C = AB ~ m,, g where
Mgy 3 = Mo * Mg = Mult#(mq ® mg).
me, 5 : multiplicative convolution of m, and mg.

Fourier Transform on SU(n)
m € M(SU(n)).

m:\e Ly m(\) = / px(g)dm(g) € Endy, .
SU(n)

—

Ma,6(A) = ma + ma(A) = Ma(A)Mg(A).
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Fourier Transform of Orbit measures

R X/\(C2ma)_
o) = =—=idy, .
Ma(N) = ~gi v v
So ) )
X (€27) x5 (e27P)
dim Vf

Inverse Fourier Transform

For f 1 X € Z%, > () € Vi,

Mo p(A) =

idy,

f¥:SU(n) —C

g Y dimVy- Tr[pa(g” (V)]
Aez,
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Density of AB

1
o~ V
(ma.5)" (g W, dim Vi XA€

Density of eigenvalues

|A 2”1—7 |2 iTo i —2im
dPhles ] = o et Z d|mV XA xa (€™ )xa(e 72 ).

( Zﬂa) Zwﬁ)

XA ™) xag™)
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First density expression

. ’
2im0) — det[e?™0rs]y o, s<p

Using xx(e

- A(e279)
Zl(e2iﬂ7)
Plyle, 5] = en Kramay aezmay /1 ]
where
L / s i / —2iTyr AL
Tl Bl = D7 5 detle ™ det[e ] detfe ],
NEZY, A
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Link with quantum Cohomology



Quantum Cohomology ring

For N > n, the ring QH*(Gr(n, N)) has basis
(¢9®oxn,d>0,(N=n>X>--->X,>0)):

v,d _d
o) 0y = E CA#C] X oy.
v,d>0
[Al+|pl=[v]+Nd

c/\”’z are the Quantum Littlewood-Richardson coefficients.
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Link with characters

Using work from [Rietsch 01],

n—1 n+1
oy =< — <lh<---<h<N-— )

2imle A} izl pl 2iml (vY)h
vd _ 1 Z detfe™~ ]detfe” v |detfe” ~ ]
A NP A(f’) :
IEI,,‘VN

where ¢/ = (¢ ... ¢) and ¢ = exp (2im/N).
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Link with characters

Using work from [Rietsch 01],

n—1 n+1
oy =< — <lh<---<h<N-— )

2imle A} izl pl _ 2inle (V)]
vd _ 1 Z detfe ™~ |detfe” V| det[e N
AT NN / :
! N IEI,,‘VN A(é-)
where ¢/ = (¢ ... ¢) and ¢ = exp (2im/N).

Recall

1 o o o
Jvle B = > dim V/ det[e® ™ ] det[e? ™ ] det[e 2]
AEZL, A
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Density as limit of Quantum Littlewood Richardson

Theorem [Density = Lim Quantum LR]

IAn] + [en] = o] + dN, £Av = o, un — B, wvn — -

lim N wd = J[vle, B].

N— 00 AN N
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Density as limit of Quantum Littlewood Richardson

Theorem [Density = Lim Quantum LR]

IAn] + [en] = o] + dN, £Av = o, un — B, wvn — -

lim N wd = J[vle, B].

N— 00 AN N

Goal : Volume expression for this limit.
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v,d

Combinatorial expression for ¢,

c(N) = 2202220220220222
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v,d

Combinatorial expression for ¢,
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v,d

Combinatorial expression for ¢,

Figure 7: List of puzzle pieces

Theorem [Buch, Kresch, Purbhoo, Tamvakis 2016]

A, v Cnx (N—n)st |\ +|u = |v|+ Nd. Then,

C;:Z = Nb puzzles with clockwise boundaries c(\), c(u), c(v").
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@X\Q
<>§@‘%
\

\\
JAN
\
JAN \\// VAVAVAYAVAN
AVAVAVAVANN

Figure 8: A Puzzle associated to ci:d with
A=[9,7,5,2], u = [10,6,4, 2], = [7,3,3,0] for N =16, n =4, d = 2.
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Puzzle to Dual hive: Color Map

2
Y
LA

A LN\ NANON

Puzzle Color Map C : E, — {0,1,3, m}.

R
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Edge coordinates

type 2
type 0 P

type 1

Figure 9: Edge types and coordinates.
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Puzzle to Dual hive: Label Map

N
A
QX0

LTS VAVANRVAVAVAN

Color Map C : E, — {0,1,3, m}.
Label Map L: E, — Zzo.

Puzzle +—
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Two-colored Dual Hives

H = (C, L) where
C: E,—{0,1,3, m} Color map
s.t clockwise faces colors are (0,0,0),(1,1,1),(1,0,3),(0,1, m),
L: E,— Z Label map

s.t for (e, €’) of same type in /

L(eg) + L(e1) + L(e2) =N —1or N —2,

L(e) = L(¢€') if I is m lozenge,

L(e) > L(€') or L(e) > L(¢€).

H(A, p, v, N) = { Dual hives H = (C, L) : Ligg, = (A, i1, )}
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Two-colored Dual Hives

H = (C, L) where
C: E,—{0,1,3, m} Color map
s.t clockwise faces colors are (0,0,0),(1,1,1),(1,0,3),(0,1, m),
L: E,— Z Label map

s.t for (e, €’) of same type in /

L(eg) + L(e1) + L(e2) =N —1or N —2,

L(e) = L(¢€') if I is m lozenge,

L(e) > L(€') or L(e) > L(¢€).

H(A, p, v, N) = { Dual hives H = (C, L) : Ligg, = (A, i1, )}

P\, p, v, N) < H(A, p, v, N).
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Figure 10: ABC hexagons and their rotations.
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Hexagon Rotations

Figure 10: ABC hexagons and their rotations.

Hexagon rotation of color maps

Rot : C — C’
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Simple Color map

Figure 11: The simple color map CO.

Color maps C can be reduced to CO via hexagon rotations.
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Quasi dual hives

H = (C, L) where
C:Epqg— {0,1,3, m} Color map

s.t clockwise faces colors are (0,0,0),(1,1,1),(1,0,3),(0,1, m),
1
L:E,q— NZ Label map

s.t

L(eo) + L(er) + L(e) =1—For1— 2
L(e) = L(¢€') if I is m lozenge,
Ley=—Atteortle)>L{e.
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Quasi dual hives

H = (C, L) where
C:Epqg— {0,1,3, m} Color map

s.t clockwise faces colors are (0,0,0),(1,1,1),(1,0,3),(0,1, m),

1
L:E,q— NZ Label map
s.t

L(eo) + L(er) + L(e) =1—For1— 2
L(e) = L(¢€') if I is m lozenge,
Hey=—tteortfe)>L{eh.

H\ 1, v, N) = {H = (C, L) : Ligg, , = (A 1, v)},
H(\, p,v, N) C H()\,,u,y, N).

X

2|
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Boundary determine interior edges

{L(e), e € h°} determined by {L(e), e € Oh}.

! 5
10000 0\ /K 1— & —h—1l
010000]|[5h le
001000O0||h| |1-%-h—1
001100 |h| | 1-2-5
0001 10f|h 1— % — 1
00000 1) \he h

35/48



Rotation map between quasi hives

Rotation of quasi label maps

For C —h C/,
Rot[C — C'] : L+ L

by changing values of {L(e),e € h°} is an affine bijection with integer
coefficients.
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Bijection with edge coordinates: CO case

Label map ®%(z).

D
eC0 <Z) — L\, v, N)

z=(z1,...,2p) — ¢C°(z) s.t ¢C°(z)(e,') = z.
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Bijection with edge coordinates: CO case

Label map ®%(z).

D
€O . <Z) — L\, v, N)

z=(z1,...,2p) — CDC°(Z) s.t ¢C°(z)(e,') = z.

Label map ¢¢(z).

Let C be a color map.

1 \P
o€ - (NZ) — LSO\, p, v, N)
z=(z1,...,2p) > ®(2) = Rot[Cy — C](¢(2))
affine bijection with integer coefficients.
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Convergence to a Volume



Limit dual hive

Sl ] = lim N=Pciut = lim NTP|H(Aw, . v, N)|.

Limit hive H(«, 5,7, 00)

H=(C,L), C:E,4—{0,1,3,m}, L:E,q—R,

L(eo) + L(er) + L(ex) =1
L(e) = L(€") in m lozenges,
L(e) > L(€") or L(e) > L(¢&).
H(a, B,7,00) € Hia, B,7,00) if Le)>ttelfortte}>—ife) .
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Convergence to a volume

Il 8] = Jim N Dc:szﬁ Jim NPIHOW, i, v, V)|

:I\Ilinooz/ 1( )ZH 2N’2N]Ddu

D ¢C H()‘NuquyN:N)

- JTWZC:AD fu(u)du
= ZC:/RD f(u)du

where
f(u) = 1(U){oCujeHC (a,8,7,00)}
so that

Jvle, B] = Z Vol (u e RP, o] € Hc(a,ﬁ,fy,oo)> .
c
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From Triangle to Hexagon

Ai+n—d,

Mpi+n—d—1 Non—A+d—1

a1 +n—d—1

Nen—jg+d—1

gy +d—1 900 N—n—p

N-1-v, N—d— vyt Non-n 0
Ned-v,q—1 d-1

Figure 12: OH(\, p, v, N)
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From Triangle to Hexagon

Ai+n—d,

Aapin—d—1 No/n=da+d—1  N—n—Ny,

1—ay 1-ay

a1 +n—d—1

Nen—jg+d—1

gy +d—1 900 N—n—p

N-1-v, N—d— vyt Non-n 0
Ned-v,q—1 d-1

Figure 12: OH(\, p, v, N) Figure 13: OH(«, 8,7, 00)

1 1
(N)\(N)v N,U‘(N)? NV(N)) — (()é, 57’7)
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From dual hives to hives

) g
WANTED : H(a, 8,7,00) = P ;.
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Color Map C to regular label g

e —1 e

AN 1+ o

e —1—eo —0OH——e@

AV AV A

[ [ [ ] 1.

SO e

e O — e —( —e

Figure 14: Color map C Figure 15: Regular labeling g[C]

C — g[C].
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Edge label map L to toric concave function f

WC A, 8,7, 00) — I-T’Oi/g,
(C, L) —s VL]

~

by setting WC[L](v*) = d and

&L(e) /L(e)

Figure 16: From edge labels to vertex valued function.

(%

+(1 = L(e))
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Edge labels to Vertex labels

1—ag

9(0.1)

(0.0

1=p-a 1-m
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Edge labels to Vertex labels

1]+ Tisi i 18] + o
U‘*zl 1% 1 —ay 11—y

Qd41
18]+ Z, 1@

H(0.1)
S Bi

d+1
i=1 d

v u Zj:l Bi
‘\+L(e) /rL(e) 1- %21
i(m[’l)l) u v 1+ 6

18l + £ o

Jal +181 = 1| +d

PR <l+l
% d+l 5(0,0)
a4+ d_ k= 1-yy
1*271:1[{ Ly d+m
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Edge labels to Vertex labels

1]+ Tisi i 18] + o
UHZ 1Qi 1 —ay l—ar
S B
QA1 90.1) 5
HH»E l{LL ZLI Bi
1B+ 0 o 1
Qp d+1
laf + 18] = |y +d v w 8
Tn ‘\+L(e) /rL(e) 1—Bq
d+S" v ——u U v 14+,
s T oty
o(1:2)
P d+l
% d+l 5(0,0)
n—d _ 1-m
d+ Z Yi Tn— d
1*271:1[{ Ly d+m

C(yC _ psld]
V™ (H™(a, 8,7,00)) = Pa,ﬁ,’y' 46/48



Volume preservation

Ve o€ RP If’(fﬁﬁ satisfies |det(WE 0 )| =1

thus
c
Vol(u € RD, cDC(U) € HC()\,/% v,00)) = VOI('Dg,[ﬁ,]“/)'
Volume expression for the density
- CnA(eZIﬂ"y) g
dP[y|a, 5] = A(e2iﬂ-o¢)A(62i7r,B) Z VO/g(Pa,ﬁ,’v)‘

g:Rg,n—Z3 regular
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