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Abstract

We consider the traveling wave problem for the one dimensional Keller-Segel system with
a birth term of either a Fisher/KPP type or with a truncation for small population densities.
We prove that there exists a solution under some stability conditions on the coefficients which
enforce an upper bound on the solution and H'! (R) estimates. Solutions in the KPP case are
built as a limit of traveling waves for the truncated birth rates (similar to ignition temperature
in combustion theory).

We also discuss some general bounds and long time convergence for the solution of the Cauchy
problem and in particular linear and nonlinear stability of the non-zero steady state.

Key-words: Chemotaxis; Traveling waves; Keller-Segel system; Reaction diffusion systems; Non-
linear stability.
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1 The main result

The growth of bacterial colonies undergoes complex biomechanical processes which underly the
variety of shapes exhibited by the colonies. Usually cells divide and undergo active motion resulting
in fronts of bacteria that are propagating. These fronts may be unstable leading to various patterns
that have been studied for a long time, such as, for instance, spiral waves [16], aggregates [18] and
dentrites [1, 10]. At least three elementary biophysical processes play commonly a central role in
these patterns, and have been used in all modeling: (i) cell division which induces the growth of
the colony, (ii) random cell motion — for instance, bacteria can swim in a liquid medium thanks
to flagella, and (iii) chemoattraction through different molecules that the cells may release in their
environment and that diffuse, leading to some kind of (possibly long distance) communication. Our
purpose here is to study the existence of traveling waves and the linear and nonlinear stability of the
steady states for a simple model combining these three effects. The macroscopic model describes the
density of bacteria, denoted by u(t,z) below, and the chemoattractant concentration v(t,z) in the
medium. It is a variant of the Keller-Segel system that has been widely studied in various contexts,
see [5, 12, 19, 20] and references therein.
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We consider the one-dimensional Keller-Segel system with a Fisher-KPP birth term (we will refer
to it as the Keller-Segel-Fisher system)

{ U — Ugy + X(UVg) e = u(l — u),

—dvgy +v = u.

(1)

Here the notation u; or u, means time or space derivatives. The boundary conditions for v and v
are
v(—00) =u(—00) =1, v(+o00) =u(+o00) =0, (2)

that is, there are no bacteria on the left. The two parameters x and d are, respectively, the sensitivity
of the cells to chemoattraction, and the diffusion coefficient of the chemoattractant. The traveling
wave solutions moving with a speed ¢ (which becomes a new unknown of the problem) for (1) are
special solutions of the form u(x — ct) and v(z — ct) that satisfy

—cu' —u" 4+ x(uw') = u(l — u), 3
3
—dv" +v = u,
together with the boundary conditions (2). We prove the following result.

Theorem 1.1 Let x > 0 and d > 0 satisfy
X < min(1,d). (4)

Then there exists a traveling wave solution (c.,u,v) of (3) with the boundary conditions(2) and a
constant K(d, x), such that the functions u(x) and v(x), and the speed c, satisfy

0 <u(z),v(z) < (1 - g)il , (5)

/u(:ﬂ)(l — u(z)) dz + / |/ (z)]* + / v/ (2)[*de < K(d, x), (6)

xVd
2§c*§2—|—d_x. (7)

Writing the second equation as a convolution v = Ky x u, one may see this system as a Fisher
equation with a nonlocal drift. Reaction-diffusion with non-local reaction or diffusion terms has been
recently investigated (see [4, 7, 9, 11]), but this is not the case, as far as we know, for a nonlocal drift
term. Nonlocal terms may make the homogeneous positive state unstable and then create periodic
stable patterns. In this paper, we need some conditions on the coefficients, such as (4), that imply
the stability of the state u =v = 1.

Other situations where traveling waves appear in chemotaxis have been considered in the litera-
ture. For instance, [13] consider a source term for chemoattractant in the equation on v, [8] consider
existence of traveling fronts by a linearization analysis (for small bacterial diffusion). There are also
other related models of biological interest, see for instance the case of haptotaxis in [17]. We also
refer to these papers for further references on the subject of fronts and waves for cell population as
well as to [21, 22] for the general theory of traveling waves.

Our strategy for the proof of Theorem 1.1 is as follows. We introduce a smooth monotonic cut-off
function go(u) such that go(u) = 0 for u < 1 and go(u) = 1 for u > 2 and set g(u) = go((u— 6o)/6o)
— this function has a cut-off 6y € (0,1). Consider a regularized system

{ —cu' —u" + X(g(u)uv’)/ = g(u)u(l — u),

—dv" 4+ v = u,

(8)



with the same boundary conditions (2). The system with the cut-off is of an independent interest —
the cut-off means that bacteria feel the chemoattractant and reproduce only if their density exceeds
a critical threshold value. Mathematically, the role of the cut-off is very similar to that of the
ignition temperature in the combustion theory [14]. The first step in the proof of Theorem 1.1 is to
construct a traveling wave solution (c(6p), u(z; 6p), v(z;6p)) of (8) for §y > 0 — as we have mentioned,
this result is of an independent interest. We do this for 8y > 0 sufficiently small and also obtain
uniform in 6§y bounds on ¢(6y) and u(z;6y), v(x;6p).

Proposition 1.2 Let x > 0 and d > 0 satisfy

Lol (9)
x d

Then there exists cg > 0 so that for all g € (0, «p) there exists a traveling wave solution
(c(bo), u(z;00),v(z;60)) of (8), (2). In addition, there exists a constant K > 0 which does not
depend on 0y so that we have the following uniform bounds:

0 < u(x;0o), v(w; 0 <(1—X)_’1 0< = <o) <K<+
U(JZ, 0)?”(377 0) > E ) ? = C( 0) > o0,
/u(x; 60) (1 — u(z; 90))2d:n + / |/ (w; 00)|2d1‘ + / |v' (; 00)|2d3: <K.

Here and throughout the paper we denote by C' and K generic constants which may depend on x
and d but not on the cut-off 6y or the size a of the approximating finite interval which appears later
in the proof. We recall that in the case of a single equation with no chemoatractant coupling (y = 0)
the speed ¢(fp) is unique for 6y > 0 [14].

In this general framework it seems difficult to relax the size condition (9) and to achieve the more
general condition (4) that we use in Theorem 1.1. This is possible if we introduce two modifications
in the above procedure. First, we consider another regularization of the system :

{ —cu' —u" + x(g(u)ur') = g(u)u(l - u),
—dv" +v = g(u)u,

(10)

(11)

that is, the chemoattractant source also now has a small density cut-off. Second, we tune the
truncation function appropriately — we now choose it with the following properties:

g(u) =0 for u < 6y, g >0, g(u) =1 foru>1,
g(u) +ug' (u) <1+ a(fy) with a(bp) =0 O (12)
g(u) increases to 1 for u € (0,1) as 6y — 0.
The reader can esily check that these conditions are satisfied by the function
g(u) =14+ 2a(1l + In(u) — u)
with a(fp) normalized so that g(6y) = 0.

Proposition 1.3 Assume that the cut-off g satisfies the properties (12) and that x and d satisfy
the condition (4). Then there exists ag > 0 so that for all 6y € (0,cq) there exists a traveling
wave solution (c(6o),u(x;00),v(x;00)) of (11), with the boundary conditions (2) which satisfies the
estimates (5), (6) and

xvd

Kgc(90)§2+(1+a)d_x,

(13)

with a constant K > 0 which does not depend on 6y € (0, ayp).



This proposition allows us to pass to the limit 5 — 0 and obtain a traveling wave solution of
the original problem (3) without a cut-off as stated in Theorem 1.1 and with the smallness condition
(4) on the chemotaxis . The traveling waves for a positive cut-off 6y > 0 in Propositions 1.2 and 1.3
are constructed by first building an approximate solution on a finite interval —a < z < @ and then
passing to the limit a — +o00, the strategy originated in [3].

By construction, the traveling wave solutions in Theorem 1.1 satisfy a nonlinear stability property
with respect to the perturbations of the birth term, under condition (4). This condition arises several
times in our proof but we do not know if it is sharp: it implies the less restrictive condition x < d
which provides us with the maximum principle for w, but it is also instrumental in deriving the
other fundamental a priori estimates in (10). It is interesting that the linear stability condition
of the steady states solutions (1,1) of (1) is much weaker than (4). To see that, we linearize the
problem in the neighborhood of (1,1) and write

u=14+U, v=14+V, where U,V < 1.
One finds the linearized equations

(14)

Ut - Umx + XV:):x = _Uv
—dVye +V =U.

Taking the Fourier transfrom we obtain
U(k), + kU — xk2V = —U,
dk*V +V =T,

and since V can be explicitely computed in terms of ﬁ, we reduce it to

~ Xk2 ~
U+ |K*+1— U=0.
et [ TR
This equation is linearly stable if and only if :
2
2 xk
kK +1-— T4 di >0 forall keR.

Setting X = k? > 0, we find the equivalent condition 14 X (d + 1 — x) 4+ dX? > 0 for X > 0, which
in turn is equivalent to

x < (1+Vd)%. (15)

In this case the steady state (1, 1) is linearly stable. When this condition is violated as in [8] unstable
patterns arise. Condition (4) is of course stronger than (15) and even the sufficient condition x < d
for the uniform upper bound on u and v in (10) is still stronger than (15). This leaves the question
of the optimal condition for the existence of traveling waves open.

The organization of this paper is as follows. We first consider the problem with cut-off on an
interval [—a,a] and prove the existence by the homotopy argument in Section 2. We also establish
the main estimates in this section. In Section 3 we remove the cut-off and let the interval length a
tend to infinity, the main difficulty being to show that the states (1, 1) and (0, 0) are indeed connected
by the solution obtained by this procedure. In the last section we establish some general bounds on
the solution of the Cauchy problem and prove that the homogeneous solution is stable as soon as it
is linearly stable.
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2 The problem on a finite interval [—a, a]

Our approach follows the traditional methods, see [3] and [22], for instance, that we adapt to our
specific situation. In particular, as usual, specific difficulties arise in showing that the speed c is
controlled from below and above, and that the states u = 1 and u = 0 are indeed reached at infinity
(see [2, 6, 15] for an example where this question is left open in the construction of travelling waves
for a reactive Boussinesq system).

The finite interval approximation

In order to prove Proposition 1.2, we first construct an approximation (cq, tg, vg) (we drop 6y in the
notation for the traveling wave for the moment) on a finite interval —a < x < a:

—Callg — Ug + X(9(ta)taVy)" = g(ta)ta(l — ua),
(16)
—dvll + vg = Uq.
The boundary conditions for u, are
Ug(—a) =1, ug(a) = 0. (17)
Instead of imposing the boundary conditions for v, at x = +a, we extend u, to the whole real line
as
1, r < —a,
Ug(x) =< uq(x), —a< = <a, (18)
0, z 2 a,
and then we set
oo - e lél/Vd
@) = [ Kalle-hu(@ds, K@ =S [Ka@ac=1 (19

The function v,(x) is defined for all z € R and satisfies
—dvl + vy = Uq, va(—0) =1, v4(+00) = 0. (20)
Three consequences of the representation formula (19) are the bounds

[Va ()] < [Jta]l oo,

(o)l = g | [ 9 sl — 2)un(€)a] < Tl 21)
" C
@) <

which we frequently use.
In order to ensure that the solution u, has a non-trivial limit as a — +o00, we normalize it so
that
= 0y. 22
rgg(}){ ug(z) = b (22)
This constraint indirectly fixes the speed ¢,. It follows from the maximum principle and (22) that
uq(0) = Oy and thus u, satisfies the boundary value problem on [0, al:

—cqul(z) —ull(z) =0 0<z<a, uq(0) = 6o, uq(a)=0.



Proposition 2.1 With the assumption (9), there exists a solution (cq,uq,vq) of (16), (17), (19),
(22) with non-negative functions ug > 0 and v, > 0, which in addition satisfies the uniform bounds

(10).

The rest of this section is devoted to the proof of this proposition which uses the homotopy argument.
Accordingly, we introduce the homotopy parameter 7 € [0, 1] and consider a family of problems

{ _C‘r,aug—,a - u'T',a + XT(Q(UT,G)UT,LLU;',Q)/ = Tg(uf,a)uf,a(l - uf,a)a (23)

—dv) , + Vrq = T,
together with the boundary conditions (17), the relation (19) (with the right side multiplied by the
factor 7) and normalization (22). To simplify the notation we drop the subscript 7 below.
A uniform upper bound for the traveling speed
We begin with an upper bound for the speed.
Lemma 2.2 Ifd > x, then any solution of (17), (19), (22), (23) satisfies

0= wale)vale) < (1-2) 7, @)l <0, (24)

with the constant C' > 0 which depends only on d and x. In addition, there exists a constant
ap(bp) > 0, and a constant K > 0 which depends only on d and x but not on a, 7 € [0,1], or
0o € (0,1) so that for all a > ag(0y) we have

o < K < 400. (25)

Proof. Let us re-write the equation (23) for u, as

-
ety — ]+ X0kt + 7 (1), = 71— 1) — gt (v — 1)
= Tg(ua)ua <1 — Ug + gua - %'MI) < Tg(ua)ua (1 — Uq + gua) . (26)

The last inequality holds if v, > 0. As g(u) = 0 for u < 0, it follows that u, can not attain an
interior negative minimum on (—a, a) and thus u, > 0, which, in turn, implies that v, > 0 and (26)
indeed holds. It also follows from (26) that u, can not attain an interior maximum at a point where
ug > (1 — x/d)~!. Therefore, we have 0 < u, < (1 — x/d)~! and hence the same bound holds for
the function v,. The bound for |[v/,(z)| in (24) is then a consequence of (21).

Next, we show that the speed ¢, is uniformly bounded from above by using the super-solution
argument. The function u,(x) satisfies the inequality

—catl, — ult + 7x[9(ua) + ¢ (ua)ua]vhul, < Tuq,

which follows from (26) and the condition x/d < 1. Let us set ¢ps(x) = Me™™, then the function
1 satisfies

_CawM T/JM + 7x[9(ua) + g/(ua)ua]vgwﬁw = (Ca -1- Txg(ua)vg - Txgl(ua)ua”g)qu
> (cq — 1 = Ko)Yu,

with the constant Ky = Ky(x,d), which is independent of a, 7 and 6, chosen so that (using (21))

Xlg(ua) + ¢ (ua)uallvg] < \ng( )+ ¢'(0)oloolltalloc = Ko. (27)



This is possible because of the uniform bounds in (24) and since for u ¢ (6, 26y) we have ¢'(u) =0
while for u € (6o, 26p) the following estimate holds:

u u—0
o el = g (5 ) < 2 s ol

1<u<2
Now, assume by contradiction that
cqa > 2+ K. (28)
Then v, satisfies

_Ca@%\/l - ¢§\IJ + TX[g(ua) + g/(ua)ua]véq/);\/[ >Yp > TYM.

Note that the upper bound on wu,(x) in (24) implies that ¥ (x) > u(x) for M > e*/(1 — x/d). Let
us define
My =inf{M : Yp(x) > us(x) for all x € [—a,al},

then My > 0 and, in addition, ¥z, () > ue(x) for all x € [—a,a] and there exists xg € [—a, a] such
that 1, (z0) = ua(zo). However, the difference 1y (z) — uq () may not attain an interior minimum
at o and ¥pr(a) > 0 = us(a). Therefore, we have xg = —a and thus My = e~ *. As a consequence,
0o = ua(0) < ps,(0) = €%, which is a contradiction if a is sufficiently large. We conclude that (28)
is impossible and thus (25) holds with K =2+ K. O

A lower bound for the traveling speed

Now, we need a lower bound for ¢, and an upper bound for ||u]]|2.

Lemma 2.3 With the assumptions of Lemma 2.2 and (9), there exists a constant apg(6g) > 0 and
K > 0 which depends only on d and x but not on a > ag, 6y € (0,1) and 7 € [0,1] so that for all
a > ag and 6y < 1/3 we have

> vT R0 2
Ca = K a (29)
T/ g(ug)ug (1 —ua)de—{—/ |ug(ﬂ:)2d$—|—/ vl (2)|?dx < K. (30)
Proof. Start with
_Caufz - ug =+ TX(Q(“a)“aU;)/ = 79(ua)ua (1 — ua), (31)
and integrate on [—a, al:
cu = fa) + () = rxvi(-a) = 7 [ gluua(l - o) (32)

Now, multiply (31) by u, and integrate:

c
Ea + ul(—a) + /

—a

a a a

9(ta)uatlytl, = 7 / gua)u2(1 — ug).

—a

|2 — Tl (—a) — X /

—a

Combining the last two equalities, we get

a a
@l [P [ gtuduaier [ gt - )1 - ).

—a —a



This can be written as

r [ guaua =+ [l @) =5 e [ gt (3)

—a —a —a

However, on the interval (0,a) we have g(u,) = 0, and we can find u, explicitly:

e~ Ca® _ p—Cal
Uq(z) = QOW’ (34)
so that
, _ cablpe™ cabo
ta(@) = = 1—eCa  eaa_1°
Note that for ¢, > 0 we have
0 a 1
T et —1" a
while for ¢, < 0 we have
Cq alcq| 1+ |cgla 1
0< eCad — 1 a(l _ 6—\ca\a) - a 0 + |Ca‘
Therefore, for all ¢, € R we have
1
|ug(a)] < - 00 + lcal0o. (35)

We note that the special case ¢, = 0 that we did not treat above can be easily considered separately.
We may use the representation formula (19) for v to obtain

V=1 Kext, Vg2 < 7l e < [l ge- (36)

Using this in (33) we obtain

¢ 2 “ 2 Ca / XT e
T 9a)ua(l —ua)” + [ Jupl” = o —ugla) + 75 [ fual” (37)
—a —a

_a -3
It follows that for 0 < 7 <1 we have, thanks to (35):
a a
m [ st =M [l < G ) < G+ %+ ol (39)
with, according to condition (9),
M=1-—2 ¥ >0

In addition, as us(—a) = 1 and u4(0) = 9, there exists a constant K > 0 which does not depend on

By € (0,1/3) such that
</g(ua)ua 1— ug) ) (/Iu |2> > K.

Therefore, provided that a > ag and 6y € (0,1/3), we have a lower bound for ¢,:

Cq > CONT — CHO

with the constants ¢y > 0 and C > 0 which do not depend on the cut-off 8y. This is the bound in
(29), while the bounds in (30) follow from the upper bound (25) for the speed, (36) and (38). O



The homotopy argument

We may now finish the proof of Proposition 2.1 using a homotopy argument. The a priori bounds
obtained in Lemmas 2.2 and 2.3 allow us to use the Leray-Schauder topological degree argument
to prove existence of solutions to the problem (16), (17), (19) with the normalization (22) on the
bounded interval D, = (—a,a). This method of construction of traveling wave solutions goes back
to [3]. We introduce a map (we suppress the subscript a now, resurrecting the subscript 7 for the
homotopy parameter)

Kr:(c,u,v) = (6-,U;, V)

as the solution operator of the linear system

—cU;p = U7 + mx(9(w)Ur') = rg(u)u(l — u), (39)
—dV!' +V; = Ta.
The boundary conditions for U, are as in (17)
UT(_G’> =1, UT<G,) =0, (40)
while V. is given explicitly as before by
1% T K u(¢)de, K e IV 11
rlx)=rT1 Tr — u s - )
@ = [ Ko —ehaepe. Ku(e) = - (41)

where @(x) is again the extension of u(z) to the whole real line as in (18).
The number 6 is defined by
0; = 0p — maxu(x) + c.
x>0

The operator K, is a mapping of the Banach space X = R x C1%(D,) x C1*(D,,), equipped with
the norm ||(c, u,v)||x = max(|c|, [[ullct.a(p,), [v]lcre(p,)); onto itself. A solution s; = (cr, ur,v7) of
the finite interval problem (16), (17), (19), (22) is a fixed point of K, and satisfies K,;s; = s, and
vice versa: a fixed point of I, provides a solution. Hence, in order to establish the existence of a
solution to (16), (17), (19) together with the normalization (22), it suffices to show that the kernel
of the operator F, = Id — K, is not trivial. The standard elliptic regularity theory implies that the
operator IC; is compact and depends continuously on the parameter 7 € [0,1]. Thus we may apply
the Leray-Schauder topological degree theory. Let us introduce a ball By = {||(¢c,u,v)||x < M}.
Then Lemmas 2.2 and 2.3 show that the operator F, does not vanish on the boundary 0Bj; with
M sufficiently large for any 7 € [0, 1]. It remains only to show that the degree deg(F, Bas,0) in By
is not zero. However, the homotopy invariance property of the degree implies that deg(F;, Bys,0) =
deg(Fo, B, 0) for all 7 € [0,1]. Moreover, the degree at 7 = 0 can be computed explicitly as the
operator Fy is given by
Fol(e,u,v) = (I;lgé(u(l') — b, u — ug,v).

Here the function uf(x) solves

d2 c dug
d;; c% —0, wuf(—a)=1, u§(a)=0
and is given by
e~ CT _ p—ca
uO(x) = eca — 670(1



The mapping Fy is homotopic to

O (c,u,v) = (maxus(x) — O, u — ug, v)
x>0

that in turn is homotopic to

B(c,u,v) = (u§(0) — o u — uf,v),

where ¥ is the unique number so that uy*(0) = 6. The degree of the mapping ® is the product of
the degrees of each component. The last two have degree equal to one, and the first to —1, as the
function u§(0) is decreasing in ¢. Thus deg Fy = —1 and hence deg F; = —1 so that the kernel of
Id — Ky is not empty. This finishes the proof of Proposition 2.1. [J

3 Identification of the limit as ¢ — +o0

In this section we first pass to the limit a — +o00 constructing traveling waves with a positive cut-off
0o > 0. In the second step we remove the cut-off and obtain traveling waves for the Fisher-KPP
birth rate. At this stage we only prove a loose lower bound on ¢, the more precise bound stated in
Theorem 1.1 is proved in Section 4.

Passage to the whole line with a cut-off

We now prove Proposition 1.2.

Having established the existence of a solution (cq,uq,v,) of (16), (17), (19), (22) on a finite
interval we now pass to the limit @ — 400 and show that (cg, uq,v,) converges to a traveling wave
(¢,u,v). The L?-bound for v'(x) and v'(z) in Lemma 2.3 together with the uniform bounds in
Lemma 2.2 and the elliptic regularity imply that there exists a sequence a,, — 400 so that ¢, = ¢,,,
converges to a limit ¢.(6p) and the functions u, = u,, and v, = v,, converge locally uniformly
together with their derivatives to the limits u(z;6y) and v(x;60p). The functions u(z) and v(x)
satisfy (we drop the dependence on ) in the notation):

{cw'1w+xmwmuy=MMM1m, )
—dv" +v =u,
and
e | eleva
vwwi[wKaw—am@mazg@»—jhﬂ. (43)

Furthermore, the lower bound (2.3) yields that c.(6p) > %, where K is a positive constant that
only depends on d and x. In particular, c, is positive.

It remains to prove that u(x) and v(x) satisfy the boundary conditions (2) and, because of (43),
it is sufficient to verify them for the function u(x) only. The L?-bound for the gradient of u in
Lemma 2.3 and elliptic regularity imply that the function u(x) has limits as x — +o0:

u = lim wu(z), u, = lim wu(x).
r——00 T—+00
The functions u,(x) are given by an explicit expression (34) on the interval 0 < z < a. Therefore,
the limit u(x) is given by
u(z) = Ope” ", for all = > 0. (44)

10



As ¢, > 0, it follows that u, = 0.

Next, we show that u; = 1 when 6 is sufficiently small. We first note that according to the
maximum principle the function wu, can not attain a minimum at a point x where uy(z) < 6.
Therefore, u, > 6y for € (—a,0) and thus u; > 6y. On the other hand, the uniform bound

/a 9(ug)ua(l — ug)?de < K

—a

in Lemma 2.3 implies that the limit u(z) satisfies

o
/ g(w)u(l —u)?de < K. (45)
—00

Therefore, we have that either u; = 1 or u; € [0,6p]. The previous argument implies that the only
two possibilities are u; = 6y and u; = 1. Let us assume that u; = 6y and find a contradiction when
0y is sufficiently small. With this assumption we integrate the first equation in (42) once to get

cxbp = /OO g(u)u(l — u)dx. (46)

— 00

Multiplying the same equation by w and integrating leads to

6*934—/00 |u'|2dx—x/oo g(u)uu'v'de = /OO guw)u*(1—u)dz = 0*90—/00 g(w)u(l—u)’dz. (47)

2 —00 —00 —00 —00

Using the L*°-bound for w and since [|v/||2 < ||u/||2 we get, still using condition (9),

c:03 2 > 2
— + K |u'|“dx + g(u)u(l —u)*dr < c,bp, (48)

2 —00 —00
with K > 0, as in the computation leading to (38). Note that since u; = u(0) = 6y and u(z) can
not attain a local minimum at a value below 6y, the function u(x) attains its maximum at some
point s — otherwise, g(u) = 0 and ¢, = 0 which would be a contradiction. For the same reason,
upr = u(xpr) > o since the integral in the right side of (46) is positive because ¢, > 0. Observe
that if ups > 1/2 and u; = 6y < 1/3, then there exists K1 > 0 which does not depend on 6y so that

[ owrs [ gt - oz ko

Therefore, as ¢, is bounded from above, it follows from (48) that there exists ap > 0 so that if
0o € (0, ) then Oy < upy < 1/2.

Next, assume that 6y € (0, ap) and integrate the first equation in (42) between —oo and x s to
get

TM

—cx(upnr — 00) + xg(un)upv' (upg) = / g(uw)u(l — u)dz. (49)

—0o0
As ups < 1/2, the right side above is positive. In addition, we have ||v/||f~ < C|lul|cc = Cupsr and
g(u) satisfies

for u > 6y. Then (49) implies
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Therefore, as ¢, > 0 and up; > 0y, we have
ui; > K6y with K > 0. (50)

In particular, we have up; > 260y when 6 is sufficiently small. Let x¢ be the first point to the left
of xps such that u(zg) = unr/2, that is, u(z) € [urr/2,up] for all z € (g, xpr) and g(u(z)) =1 on
this interval. Set L = x); — xo, then we have, using (48),

T M (s 2
cﬁMEK/ hmmﬁ+/ gmmu—ufzo[wf)+uM42ﬂm%?
Zo

o

It follows that wup; < CH(Q)/ 3, which contradicts (50). This contradiction shows that u; = 6y is

impossible when 6y is sufficiently small. Therefore, we have w; = 1. This finishes the proof of
Proposition 1.2. [J

Proof of Proposition 1.3

We now indicate the additional arguments necessary to arrive to the statement of Proposition 1.3,
that is, how existence of traveling waves can be deduced under the weaker restriction (4) on the
chemotaxis parameter x.

The entire proof above of Proposition prop-cutoff goes through with the general assumption (12)
on g. We indicate now how we can take advantage of the property

g+ogd <l+a. (51)

First, the upper bound on ¢, in (7) follows clearly from the value Ky computed in (27).

Now, we prove gradient and "reaction” bounds in (6). To do that we use equation (33) and the
key point is to handle the right hand side more carefully with the help of (51): we split the integral
as

a a a
[ rgtuuat, = x [ rotu)ua a4 x [ el

—a —a —a
We treat separately the two terms on the right side.
Using the equation on v in (11), which now also has the small density cut-off, we have

(x | u;v;>2 < [ [ ey §2x2 @ [ (ratun) + war

sfu+af<[J%P>

This term is nicely absorbed for x < 1 and « (or, equivalently, ) small enough by the corresponding
term in the left hand side of (33).
For the other term, we introduce the function

h(u) = / [Tg(c)o — 1] do for 0 <u <1
1
and with h(u) = 0 for u > 1. Note that

0<h(w) < -(1—w)?  h(l)=0.

[N
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We write

X/[Tg(ua)ua — Nugv), = X/h(ua)/vfz = X/ h(ua)(—va)" + xP(ua)vg|,_, — xh(ua)vg|,__,
< g/ h(ua) (Tg(ta)tta — va) < 72% (1~ a)*g(ta)ta,

because v),(a) = (K} * t,)(a) < 0. for a sufficiently large. Consequently, one has:

a a C a
. / 9(ta)ta(l — ug)* + / W ? + i (a) = <2 4 7x / o (ta) gt (52)

—a —a 2 —a
a a

Ca
< o +x(1+ ) / (u;)Q + 7—% (1- Ua)zg(ua)ua-

It follows that :

a

r1= 39 [ gtuauat =+ = x(t+a) [ + i) <

Ca
— 53
z, (53)
and u,(a) is still bounded by (35).

Thus if ¥ < min(1,d) and 6y is small enough such that x(1 + «) < 1, the quantities of the left
hand-side are controlled by that of the right-hand side and we can go on the proof and conclude as
before. [J

4 Removal of the cut-off

Here we remove the cut-off, letting the parameter 6y vanish, and prove Theorem 1.1. The traveling
waves (c(6p), u(x;00),v(x; 6p)), constructed in Proposition 1.3 for 6y > 0, are translationally invariant
and have the left and right limits u; = v; = 1, u,, = v,, = 0. Therefore, we may translate them and
fix the shift so that u(0;60p) = 1/2. The uniform estimates in the same proposition allow us to pass
to the limit fy, — 0 along a subsequence, so that the traveling wave speeds ¢, = c.(0p,,) converge
to a limit ¢, > 0, and the functions u(z;6p ) and v(z;6p ) converge to the limits u(z) an v(x). We
also have g(u,) — ¥(x) with ¥(z) = 1 on the set {u(z) # 0}. In addition, the limits satisfy the
system (3):

—cu' —u" + x(U(z)ur') = U(z)u(l —u), (54)
—dv" +v = V(1)u,
and the functions u and v are still related by (43). Moreover, as the function p(u) = g(u)u is globally
Lipschitz, the functions u(z;6p,) and v(x;6p,,) are uniformly bounded in C?“(R) and thus so are
the limits v and v. Therefore, we have v > 0 and thus ¥(z) = 1 and u and v actually satisfy the
system (3):
—cxt! —u” + x(w') = u(l —u), (55)
—dv" +v = .

It remains only to verify that v and v satisfy the boundary conditions (2) at infinity. As in the
case with fp > 0 it suffices to ensure that the function u(z) has the left and right limits u; = 1 and

13



u, = 0, respectively. Once again, existence of the limits at infinity follows from the L?-bound on the
gradient

/ |u/(z)?dz < K,

and standard elliptic regularity estimates. Moreover, in the limit §y — 0 the estimate (45) becomes
e}
/ u(l —u)de < K < 4o0.
— 00

As a consequence, the only possible values for u; and u, are 0 and 1, hence, in order to show that
u; =1 and u, = 0 it suffices to show that u; > w,. Integrating the first equation in (55) we obtain

Cx(up — uy) = /U(l - u),

while multiplying the same equation by u and integrating leads to

c*(ulz_u%)—|—/|u"2—x/uu’v’:/u2(1—u):c*(ul—ur)—/u(l—u)Q.

As before, we conclude that

cx(u? — u?

2’”)+/u(1—U)2+M/!U'|2 < elur = uy),

which may be re-witten as

/u(l —u)? +M/|u’\2 < el — uy) (1 - X ;”) .

As u(0) = 1/2 the left side is strictly positive. Moreover, we have ¢, > 0 and (u; + u,)/2 < 1.
As a consequence, u; > u,, thus u; = 1, u, = 0 and the proof of the existence partTheorem 1.1 is
complete.

A lower bound for the traveling speed

We now obtain a more precise lower bound for the propagation speed ¢, in Theorem 1.1. To do so,
we consider a more general birth term f(u) in place of u(1 — ) in equation (3). We do not expect
more difficulties in the proof of the existence part of Theorem 1.1 as long as f(u) is of the KPP

type:
f(u)

0, f(u) >0for 0 <u <1, f(u) <0 for u>1and f'(0) = sup =~ > 0. (56)
u>0

~
—~
(=)
SN—
I
~»
—
—_
~—
I

Then, we have

Proposition 4.1 Any traveling wave solution of (2)-(3) in H'(R) with the nonlinearity f satisfying
(56), and such that u,v >0, and

/u(l —u)?dzr < oo (57)
satisfies ¢ > 24/ f'(0).
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Proof. Consider a traveling wave (c¢,u,v) and choose a sequence x,, that increases to +o0o when
n — 00. Set up(z) = u(r + zp)/u(x,) and v, (x) = v(z + =), these functions satisfy

{ —uy, — cup, + X (vpun) = f(u(@n) un) /u(zn),

(58)
—dvll 4+ v, = u(x + ).

Next, note that u(x + x,,) — 0 uniformly in x as n — +o0. Indeed, choosing A > 0 large enough
so that u(x) < 1/2 for z > A, we deduce from (57) that u € L!(A, +00) and thus we may write

T A 1/2 A 1/2
u?(z) :/_ uu' < </_ u2> (/_ u'2> =0

so that u(x,) — 0 as n — 4o0.

The right side in the equation on wu, in (58) is bounded by f’(0)u,. Therefore we use elliptic
regularity and, up to extraction of a subsequence, we know that u, — us and v, — vs as n — 0o
in C2_(R). These functions satisfy

loc

{ _ugo - Cugo + X(U/oouoo)/ = f,(o)uooa (59)

—dvll, + voo = 0.
As v is non-negative and bounded, we necessarily have v, = 0.
Furthermore, as ux(0) = 1 and us > 0, the maximum principle yields that us > 0. Thus
we can explicitly solve the first equation and the solution can only be of the exponential type:

Uso(x) = pe™*. Inserting such a A in the equation for us, we find =A% +c\ = f/(0). Hence we have
proved that necessarily ¢ > 24/ f/(0). O

5 Time evolution problem

We now consider the problem
Up — Uz + X (Ug)r = u(l — u),
—dvze + v = u, (60)
u(t = 0) = ug, with compact support, 0 < wug(z) < (1 —x/d)~L.

The maximum principle, as already used earlier, implies that we have the uniform bounds

d
0 <u(x),v(z) < R lup(t, )| < K, |vgg(t,z)] < K.
Our goal in this section is to prove two kinds of results on this problem. Firstly we assume that
x satisfies the conditions of existence of traveling waves. Then, we derive some bounds expressing
that in the long time limit, the solution converges to 1 on compact sets. Secondly we show that,
under the (weaker) linear stability condition on x, the state 1 is in fact nonlinearly asymptotically
stable.

5.1 The long time limit of u(¢, x)
We have the following
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Theorem 5.1 Assume x < min(1,d). There exist C > 0 and 9 > 0 so that for any ¢ € (0,¢0)
there exists a time to so that for all T > ty the following holds. There exists a set B C [T,2T]
of exceptional times, with |B| < C/e such that for all non-exceptional t € [T,2T] N B and all
p € [0,1/2) we have

Hx: |1 —u(t,z)] > P} < Cel_2p/u(t,x)d:v. (61)
The constant C' > 0 in Theorem 5.1 does not depend on the time 7. Therefore, the total set B of
"bad” times between a (large) time T and 27 is bounded independent of T'. The right side of (61)
may be loosely interpreted as the size on the support of the function u(¢,z) (disregarding the fact
that u(¢, ) has an infinite support). Thus, (61) may be interpreted as saying that for large times
the fraction of the support of u(t, z) where u(t, x) is far from 1 is negligible, except for a (relatively)

small set of bad times.
We first prove the following proposition.

Proposition 5.2 Assume that (4) holds and let the initial data ug(x) Z 0 be compactly supported,
0 < wup(x) < 1. There exist two constants K1 and Ky which do not depend on the initial data, and
a time tg so that

Ki(t—t) < /u(t,x)dx < Ko(to + ).

Proof. First, let v and v be solutions of (60) and consider the function t(t,z) = Me ==& Tt
satisfies the inequality

1/175 - wxa: + va¢x + vaﬂvb - ¢(1 - ¢) > ¢t - 1/}9090 + va% - g(u - U)%D - ¢

>y — e — Kha| — Ko (A — A = K — KA) ) > 0.

This last inequality holds provided that £ is sufficiently large and A is chosen appropriately. There-
fore, we may also take M large enough so that (¢, z) is a super-solution for w(t,x). Similarly,
om(t,x) =M eMat+€l) g a super-solution for u. Therefore, we have

u(t,) < min (Me o€, preeten)

therefore, integrating in =

/RU(t,x) dz < C(t +tg). (62)

And the upper bounded statement of the Proposition is proved.

To obtain a lower bound on |[u(t)| ;1 we proceed as in the traveling wave case. We have

4 [ = [+ [u0-w?—x [uaw (63)

The last integral on the right side may be estimated as

X/uumvmdx = X/(u — Dugvgde + X/umvmdx.

The second term is bounded as

2 2
</ uzvzdx> < /uidx/vgdx < </u§d1‘> ,
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while the first one satisfies

X 2 X 2 X 2
X/(u Duzv,de 5 / (u—1) )xvzdx od /(u 1)*(u—v)dx < 5d /(u 1)*udz
Using the last two inequalities in (63) leads to
4 (u—u2)>/(ux)2+/u(1—u)2—x/u2—X (u — 1)%udx (64)
dt 277 *o2d
> ]\/.I'/(u;,;)2 + M/u(l —u)?

Integrating in time and combining this with the upper bound in (62) we obtain

/(]T/(ux)2+/0T/u(1—u)2 < /u(T,x)deC’(lJrT). (65)

Note that if at some time ¢t € [0, 7] there exists xo such that u(¢,z9) > 1/2 then we have
M/ui(t,x)dw + M/u(t,:n)(l —u(t,z))%ds > K.
On the other hand, if we have 0 < u(t,z) < 1/2 for all z € R then
2 1
u(t,x)(1 —u(t,x))*de > 1 u(t, x)dz.

Let Ap = {t €[0,T7]: 0 <wu(t,z) <1/2for all x € R} — it follows from the above that there exists
a constant K > 0 so that

/ (T, z) > / Kk < / ult, x)dx) dt. (66)

As a consequence, the function
W(t) = / u(t, 2)dz
satisfies .
wW(T) 2/ de+K/ W(t)dt > K/ min(1, W(t))dt, (67)
: A 0

for all T' > 0. In addition, W (¢) is locally Lipschitz in time:

W (t)] = '/u(t,x)(l _ u(t, z))dz

< M/u(t,;v)dx <C(+1).

Therefore, in particular, there exists 79 so that W (t) > W (0)/2 > 0 for 0 < ¢t < 79 and thus there
exists ko > 0 (which depends on the initial data) such that

W(T) > K/OT min(1, W (t))dt > K/O min(1, W())dt > k.

Going back to (66) we see that

W(T) > K|AS| + koK |A| > koKT.
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In order to get rid of the dependence on the initial data observe that, as a consequence we have
W(T) > 1 for all T > to (the time to does depend on the initial data). Hence, it follows from the
second inequality in (67) that

W (T) > K/T min(1, W (t))dt > K(T — to). (68)
0

This finishes the proof of Proposition 5.2. [J

Proof of Theorem 5.1. Theorem 5.1 is an easy consequence of Proposition 5.2 and its proof. Let
us start with the inequality (64)

d 2
7 (u - u2> dzx > M/uidx + M/u(l — u)?dz. (69)

Consider the set B C [T, 2T of times ¢ € [T.2T] such that

/u(t, z)(1 — u(t,2))*dx > a/ (U(t,x) — uQ(;’ x)> dz.

Q(t) = / (u(t,x) _ “2(;’ 2) ) da.

Exactly as in the proof of Proposition 5.2 we deduce that

Let us set

Ci(t —to) < Q(t) < Calto +1). (70)
As Q(t) is monotonically increasing in time, integrating (69) over B we obtain
Q(2T) > Q(T)ef! Bl

For t > 10t it follows that
40T > C1 T Bl

so that |B| < K/e with the constant K independent of 7" > t5. On the other hand, for times
t € [T,2T] N B¢ we have

e {x: |1 —u(t,z)] > P} < C’/u(t,x)(l —u(t,z))dx < Ce/u(t,a:)dx,
and (61) follows. OJ

5.2 Nonlinear asymptotic stability of the homogeneous state (1, 1)

In this section, we consider the Keller-Segel-Fisher system and we consider the stability of the state
(1,1) as discussed in the introduction -see (14)—(15). Therefore, we set u =14+ U and v =14V
and the system (60) writes

Ut = Uza + X(VaU)z = =U(1 + U) = xVaa,
~dVee +V =1, (71)
Ult=0,2)=Uy(x) :=u’ -1, x €R.

We prove that the linear stability of the homogeneous equilibrium state (v = 1,v = 1) implies

its nonlinear asymtotic stability. More precisely
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Theorem 5.3 For x < (1+ \/&)2, there is a positive constant § > 0 such that for any initial data
ug = 1 4+ Uy with fR U2 < 4, then the solution u of the Cauchy problem (60) converges to 1 in the
L? norm with an exponetial rate

/R(u(t,az) —1)%dz — 0 as t — +oo. (72)

Proof of Theorem 5.3. For (t,z) € RT x R, we set U(t,z) := u(t,z) — 1, V(t,z) = v(t,z) — 1
and A := (14 v/d)? — x > 0. Multiplying equation (71) by U and integrating over R, we find

1d
- U2d:1:+/(Ug—XVﬁJrUQ):—/U?’er/UUIVx:—/U3—X/U2VM
2dt Jr R R R R 2 Jr

_ (X 3 X 2 ’X ‘ 3, X 2
= (2 -1 X <|X 1 X .
(2d )/U Qd/RUV_ 2d /’U‘ +2d/RU 14 (73)

The second term on the left side of (73) can be written as

_ X& N\ r _ P ;
Joz -z avhan= [ (&1 220 ) 0©rs = [ e 1+ U2

where P is a fourth order poynomial function which is positive since x < (1 + v/d)?.
As p(€) = (1 +d€?)(1 + £€2) is also a positive fourth order polynomial function, the quotient
P(&)/[(1 + d€?)(1 + £2)] has a positive infimum A > 0. This gives:

/ (Uy)? —xVZ +U?] da > /\/(1 +EHU(€)%de > /\/ (U2 +U?)dx. (74)
R R R
Next, set I(t) = fR U?dz, the above computation yields that

1d

S0 + M) + A 2<X—1/ 3X/2.
sl 0+ 20+ [vi<|X—a| [op+ X [ vawi (75)

We treat the two terms of the right side separately using Gagliardo-Nirenberg-Sobolev type inequal-

ities :
1/4 5/4 A 5/3
R R R 255 — 1 Jr R

(the second inequality follows from the Minkowski inequality). In the same way we obtain

1/2 1/4 3/4 1/2
forwis (Lo fve) " <e(fez) - (Lo2) (o)
R R R R R R
5/3
Y furear([)"
X JRrR R

where M’ is a constant that only depends on C’, x,d and \. This finally gives:

1
fil(t) + (1) + A / U2 <\ / U2 + (M + M) I (1), (77)
and thus: 1 d
5 (O +M(t) < (M + MIP3(t). (78)

Set now & = (A\/(M + M’))*/2. Then, for I(0) < 6, the differential inequality (78) yields that
t — I(t) decreases. As it is a nonnegative function it converges to the equilibrium state I = 0. Also,
there is an exponential decay (with rate as close to 2\ as we wish) and the proof is complete. [
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