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I. SETTING

• Let G be a Locally Compact Abelian Group
(LCA group)

• Γ its dual group

(Fourier analysis tools available)

• Let (µt)t>0 be a symmetric convolution
semigroup of measures on G

µt ? µs = µt+s, lim
t→0

µt = δ0



• ψ : its Lévy exponent
(real continuous non-negative definite func-
tion) defined by

µ̂t = e−tψ,

ψ : Γ −→ R

θ −→ ψ(θ)

• Ttf(x) = µt ? f(x), x ∈ G : one parameter
semi-group associated to (µt)

• Lψ the infinitesimal generator associated
to the semi-group



II. QUESTION

What kind of functional inequality is
satisfied by the quadratic form

(Lψu, u) =
∫
Γ
ψ(θ)|û(θ)|2 dθ ???

(dθ: the Haar measure on Γ)

EXAMPLE : G = Rn,

Ψ(θ) = |θ|2 (L = ∆ Laplacian)

i.e. (µ)t>0 : Heat convolution semigroup.



III. MOTIVATION

Nash inequality on Rd :

c ||u||2+4/d
2 ≤ (∆u, u), ||u||1 ≤ 1

implies (”equivalent”)

Sobolev inequality :

||u||22d
d−2

≤ (∆u, u)



It is also equivalent to the upper bound

estimate for the heat kernel:

||Tt||1→+∞ = ht(0) ≤
c

tn/2
, t > 0

(This holds true in a very abstract setting)



IV. What is a Nash-type inequality ?

(generalized Nash inequality)

For some non-decreasing function

Λ : [0,+∞) −→ [0,+∞)

Λ( ||u||22 ) ≤ (Lψu, u), ||u||1 ≤ 1

• Example : Euclidean setting with the Lapla-

cian:

Λ(x) = x1+2/d



V. Why are we so interested by Nash

T.I ?

Assume that

Λ( ||u||22 ) ≤ (Lu, u), ||u||1 ≤ 1

is equivalent to (for some function Λ and m)

||Ttu||∞ ≤ m(t) ||u||1, t > 0.

i.e

sup
x
ht(x, x) ≤ m(t), t > 0.



1) From Nash T.I. we deduce heat kernel
bounds

2) If A is a generator (a simple one) and and
B is another operator (a complicated one)
s.t.

(Au, u) ≤ (Bu, u)

If N.T.I holds for A then it holds also

immediately for B !!!

and the heat kernel for B satisfies the same
upper bound as the theat kernel for A !!!



VI. First result:Theorem 1 (Nash
approach)

• Assume that ψ is real Lévy exponent
• We set the ”volume” function

V (t) = dθ{θ ∈ Γ : ψ(θ) ≤ t}, t > 0

• We denote by

Λ(s) = sup
t>0

{st− tV (t)}

Then (Nash type-inequality) :

Λ(||u||22) ≤ (Lψu, u), u ∈ D(Lψ) , ||u||1 ≤ 1
(1)



VII. Non-radial examples (product of
α-stable semigroups)

• Let G = Rd,
d = d1 + d2 + ...+ dk, (dj ≥ 1, j = 1...k).

• Let a1, ..., ak > 0 and αj ∈ (0,1].

• ψ(x) = a1|x1|2α1+a2|x2|2α2+ ....+ak|xk|2αk

x = (x1, ..., xk) ∈ Rd and xj ∈ Rdj



Lψ = a1∆
α1
1 + a2∆

α2
2 + ....+ ak∆

αk
k ,

Let ν = 2(d1α1
+ ...+ dk

αk
).

(this number may not be an integer!)

Then there exists a constant c1 > 0, for all

f ∈ D with ||u||1 ≤ 1:

c1||u||
2+4/ν
2 ≤ (Lψu, u)



Then the semigroup (Tt) generated by ψ is
ultracontractive and satisfies:

||Ttu||∞ ≤ ct−ν/2||u||1, t > 0.

i.e.

ht(0) ≤ ct−ν/2, t > 0.

When ν > 2,

this implies the Sobolev inequality:

||u||22ν
ν−2

≤ (Lψu, u)



VIII. Theorem on Rd for radial symbol

• Let ψ be radial real-valued Lévy exponent

ψ̃(|θ|) = ψ(θ)

• Assume r → ψ̃(r) is non-decreasing

Then (Nash-type inequality)

c||u||22 ψ̃

(
c||u||2/d2

)
≤ (Lψu, u) (2)

for all ||u||1 ≤ 1.



IX. Corollary: Sobolev-Orlicz-type
inequality

• Let ψ be radial real-valued Lévy exponent
on G = Rd
• Assume r → ψ̃(r) is non-decreasing.

Then

c
∫
Rd
u2 ψ̃

c′ u2/d

||u||2/d2

 dm ≤ (Lψu, u) (3)



X. Examples on Rd

1. Γ∗-semigroup: L = log(1 + ∆)

g(x) = log(1 + x) (Bernstein function)

goψ̃(r) = log(1 + r2) with ψ(r) = r2

Then (N.T.I)

c ||u||22 ln
(
1 + c||u||4/d2

)
≤ (ln(1 + ∆)u, u)

(4)



Then Sobolev-Orlicz inequality !

c
∫
Rd
u2 log

1 + c′
u4/d

||u||4/d2

 dm ≤ (log(1 + ∆)u, u)

(5)

This implies Gross-type inequality !

c′′
∫
Rd
u2 log

(
c′
u2

||u||22

)
dm ≤ (log(1 + ∆)u, u)

(6)



2. Poisson semigroup with jump λ > 0

g(x) = 1− eλx (Bernstein function)

goψ̃(r) = 1− e−λr
2

with ψ(r) = r2

c||u||22
(
1− e−λc||u||

4/d
2

)
≤ ((I − Tλ)u, u) (7)

L = (I − Tλ) is the (bounded) generator of

the Poisson semigroup given by Pt = e−t(I−Tλ)



XI. PROBLEM:

• G = R, ψx(θ) = 1− cos(x.θ), x ∈ R

Then Vx(t) = +∞ (∀x ∈ R) !

• Importance of ψx: Lévy-Khinchine repre-

sentation formula (symmetric case)

ψ(θ) =
∫
Rn−{0}

ψx(θ) dν(x)

• But if G = Zd then Γ = Td and the volume

Vψ is always finite for any ψ!



XII. Examples on G = Td

Let ψ(n) = |n|2α with α ∈ (0,1] and n =

(n1, ..., nd) ∈ Γ = Zd with |n| the euclidean

norm of n.

(Lψu, u) =
∑
n∈Zd

|n|2α |û(n)|2 = (∆αu, u)

The Haar measure on Zd is the counting

measure



We denote by u =
∫
T
d u(x) dx the mean value

of u.

Theorem on Td

There exists a constant c > 0 such that: For
all u ∈ D, with u = 0,

||u||2+4α
d

2 ≤ (Lψu, u), ||u||1 ≤ 1

Or equivalently: for all u ∈ D, ||u− u||1 ≤ 1,

||u− u||2+4α
d

2 ≤ (Lψu, u)



XIII. Examples on G = Zd

Theorem on Z (d = 1)

• Assume u ∈ L1(Z) with ||u||1 ≤ 1

• Then for all ρ ∈ (0,1/2),

cρ||u||22
(
1− cos(ρ||u||22)

)
≤ (Lψu, u)

with cρ = (1− 2ρ)2.

Argument : ψ(θ) = 1−cos θ, θ ∈ T = [−π,+π)
is radial and ψ̃(r) = 1− cos r is non decreas-
ing on [0, π[



XIV. Partial result on R with
ψ(θ) = 1− cos(θx)

Theorem on R

• Assume u ∈ L1(R) satisfies the condition
for all x ∈ R,∑

n∈Z
|û(x+ 2nπ)|2 ≤ 1 (8)

• Then for all ρ ∈ (0,1/2) with cρ = (1−2ρ)2,

cρ||u||22
(
1− cos(ρ||u||22)

)
≤ (Lψu, u)

work still in progress...


