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1 Introduction

This set of notes deals with the different heat kernels we can built on the infinite
dimensional torus T*. We are mainly interested by on and off diagonal estimates of
different heat kernels on T*. On diagonal estimates (or asymtotics) means to study
of the heat kernel 1,(0) at the origin 0 (when it exists) for small and/or large ¢ > 0.

Off-diagonal estimates means to study pu(x) with respect to z € T* and try
to find gaussian bounds in terms of some metric d related to the generator of the



semigroup associated to the heat kernel. We are looking for are upper an lower
bounds of the form p;(z) ~ Cyexp(— & (w 9 for some constant ¢ >.

Note that we work in the setting of locally compact abelian groups and the re-
sults represented here are parts of the study of harmonic spaces. We shall not enter
into the consideration of harmonic sheaves. For that purpose, we shall refer to [B1].

Our purpose is to present detailed proof of the results as self-contained as possi-

1?. t;l;hese notes are essentially taken from the works of C.Berg and A.Bendikov (see

, B2]). The existence of a (continuous) density on T> for gaussian convolution

semigroups was established 1nde gndently by three authors: A. Bendikov, Ch. Berg
and A. Siebert in 1974-75. (see FB

We briefly recall some well-known facts we shall need about harmonic analysis
on locally compact abelian groups and semigroup theory.

Let G be a locally compact abelian group. We denote by 0 the neutral element.
There exists a bi-invariant Borel positive measure (Haar measure) by the left and
right actions of G. This measure is unique up to a constant (see [R]).

Let (1¢)i>0 be a convolution semigroup of measures on G i.e. a family of mea-
sures py with ¢ > 0 such that:

(2) Mg * s = Hits, Vt7 s > 07
(3)  limy_g+ p1r = do vaguely, i.e. lim;_o+ p1(f) = f(0), Vf € Ce(G).

The convolution of two finite (positive) measures p; and po on G is defined for
a Borel set A of G by:

fi1 % fio(A) :/G/h(A_y) dpz(y)-

If py and po are absolutely continuous w.r.t. a fixed Haar measure v of G such
that duy(z) = fi(x)dv(z) and dups(z) = fo(x)dv(z) then py * po is absolutely
continuous w.r.t. v and d(u; * po)(z) = (f1 x fo)(x)dv(z) where fi * fo(z) =

Jo filz —y) foly) dv(y).

On G is defined a Fourier transform through the dual group denoted by I'. the
dual groupe is also a locally compact abelian group so it posseses also a Haar mea-
sure.



Let p a finite measure, for any n € T,

iln) = [ (n.) dyz)

with (n,z) the duality bracket between I" and G. It can be proved that

fig(n) = e

1
Wfith U : ' — C a continuous definite negative function (see p.52 of %Cl]) and
F]). Conversely all continuous definite negative functions give rise to a convolu-
tion semigroup of measures.

To this family of measures, we associate a semigroup of operators (P;);~o on
Co(G) defined by: for any f € Cy(G)

Pif(@) = e (@) = [ Fla—p)duly).
We define the domain D of the generator in Cy(G) of the semigroup (P;) by,
Pf_
D ={f € Cy(G)s.t. lim tftf

t—0t

exits in Cy(G)}
(The convergence is for the sup norm in Cy(G)).

The generator L is defined by

Lf= lim

t—0t

Pf-r
t
for any f € D.

We say that the semigroup or the generator is local if :for every f € Cy(G),

support(Lf) C support(f).

The following theorem is important to characterize the symmetric measures
which have a continuous density w.r.t. the Haar measure. It will be apply in
the sequel. A measure pu on G is siad to be symmetric if pu(—A) = u(A) for any
Borel set A of G.

Theorem 1.1 Let (uy) be a symmetric convolution semigroup of measures on G
with associate negative definite function W on I'. For each t > the following condi-

tions are equivalent :

(i) g has a continuous density g, w.r.t. the Haar measure on G.



(ii) e e LYT).
(1i) If (ii) holds true for any t > 0 then g, € D and
d
Lgi(z) = %gt(x)v t>0,2€G.

Furthermore, the function g :)0, +00[xG — R

1
For a proof see %Cl] p.53-54. The Cauchy problem

Lu(t,z) = iu(t,x), t>0,zr€q.

u(0,2) = f(x),z € G

has (formally) the solution u(t,z) = P.f(x),x € G,t > 0 when f € LP(G) for
1<p< 4o

2 The one dimensional torus

In this section, we define the heat kernel on the one dimensional torus T and give
some estimates on the heat kernel useful in the sequence.

2.1 Definition of the heat kernel on T.

We first recall the explicit form of the heat kernel on the real line R. We denote by
(p¢) the Gaussian kernel defining the heat semigroup (1) on R. Let ¢t > 0,

1 lyl”
p) = oz e (<) ver 1)

where |y| is the absolute value of y (that is the euclidean distance from y to 0). So

Hif (@) = vex f(@) = [ mle =) f(v)dy

where dy denotes the Lebesgue measure on R (The Haar measure on the locally
compact abelian group R). The Fourier transform of a function f € L!(R) is defined
by

fly) = /R f(x) exp(—iz.y) du.
So
pely) = exp (—tly[*) .

The function H,f gives the solution of the equation

ou 0*u
—(t,x) = %(t,x), u(0,2) = f(z), t>0,zeR.



with f € LP(R), 1 < p < +o0.

The convolution semigroup (v;) induced a semigroup of operators on LP(R) de-
fined by H;f(x) = v * f(x).

We are in position to define the heat kernel on the one dimensional torus.

We consider the one dimensional torus {z € C,|z| = 1} denoted by T and
represented by [—; 7] with the application € [—m; 7] — 2 = ¢ (In this process,
we identify m and —). The torus can also be identified with the quotient R/27Z.
This representation explains why the heat kernel on T is given by

gi(z) =21 > pi(x +27k), x € [—m; 7).
keZ

which is a normalized 27-periodisation of p;. Indeed, assume that f > 0 is 27-
periodic an bounded,

v x [z /Rptff— dy—Z/ pi(x — 2+ 2km) f(z — 2km) dz
kel
dz
—/ 2 Y pi(x — 2 + 2km) f()%
ke,

Now let f be a bounded function on T. This function can be extended on R as a
2m-periodic bounded function on R. So the preceding formula justify the definition
of the heat semigroup on T denoted by (p;) and given by

e x f(x /IF x—y)du(y) : 2/ (y) dy. (2.2)

where i dy is the normalised Haar (Lebesgue) measure on T ~ [—7;7]. The func-
tion f is assume to be in L*°(T) with respect to the measure % d lgqctotr%g semigroup
can be extended to LP(T) for any 1 < p < 400 by the formula (% ZEi

Of course, v(t,x) = ut » f(z),t > 0,z € T gives the solution of the Cauchy
problem

2
&)t,x):a;;(t,x), v(0,2) = f(x), t>0,zeT.

with f € LP(T), 1 < p < 4o0.

The convolution semigroup (u;) induced a semigroup of operators on LP(T) de-
fined by Pf(x) = p * f(z).

Recall that the dual group of T is Z and the Fourier transfom is given by the
sequence of Fourier coefficients §;(n) = et n e Z.

5
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2.2 GGaussian estimates of the heat kernel on T

We are i tgrgﬁted by Gau séiatrh estimates of the heat kernel g; similar to the exact
formula (2.1). Note that (%I ) can be reformulated by

pi(y) = p(0) exp (—'Z't) |

Note that 0 € R is the neutral element on the group R and |y| is the euclidean
distance on R from y to 0. We identify T with [—m, 7] and we shall denote also by
0 € T the neutral element of the group T. We introduce a metric d on T as follows.
Let x € [—m, 7| and set d(z,0) = |z| where |z| is the absolue value of . Note that
if we identify T with [0, 27] then d(x,0) = inf{z, 27 — ). We set ||z|| = d(z,0). In
fact, the distance d is an intrinsic distance induced on the quotient T = T/27Z by
the euclidean distance on R by the formula: d(z,y) = inf{|0 + 27k|, k € Z} for any
0 € Rand v,y € T ~ [—7, 7] such that !@¥) = ¢,

estimoff | Theorem 2.1 For anyt > 0 and for any x € [—m; 7|,

d(z,0)?

9:(0) exp <— m ) < gi(w) <2g:(0)exp (_d(z,t())Q)‘ (2.3)

Proof: By definition,

2 2
g¢(x) —QWZptx+27rk Zexp( M)
ke,

—Few () S e (7755 o ()
)b () () o 2)

So we deduce the following exact formula:

g(x) = \/T exp (:;) [1 +2 Z exp (‘”t%Q) cosh <”t]m>] (2.4)

(Which shows in particular that g; is an even function). The lower bound follows
from coshy > 1, y € R. Indeed for any ¢ > 0,

gi(x) > \/jexp (:f) [1 +2 ZeXp (‘7;2’@2)1 — 6:(0) exp (f)

k=1

We now use the fact that g; is 2m-periodic and that z? = ||z||*> = d(z,0)? for
x € [—m, 7).



For the upper bound, we need more work. We just need to give a uniform upper

bound of . 212 "
S(z):=1+2> exp <_7Tt ) cosh <7rtx>

k=1

since g(z) = \/Texp (Z) S(z).

By periodicity of g; and the fact that the function ¢; is even, we can assume
x € [0, 7], so for any ¢ > 0, this allows us to bound as follows: for any k > 1,

2 .2 2 2
2 cosh < Tk > < 2cosh (W k) < exp ( T k) + exp <7rk> <1+exp <M> _
t t t t t
From which we deduce,
—m2k? wkx —m2k? —m2k?  n’k
2 exp ; cosh — < exp " + exp ; + -

—m2k? —m2k(k — 1)
= exp p + exp — |

From the inequality just above,

S(x) <1+ iexp <_7T;k2> + iexp <_7T2k(tk_1)>

k=1

Since k(k — 1) > (k — 1),

0= (1 Zow (75 J(Gow (F) ) -2 (1 S (57))

=1+ [1+2§:exp <_7T:k2>] .

k=1

586 < [T+ a0,

0 < [{E+a0) ]exp< . ) (25)

Since \/§ < ¢4(0). we get the result. This completes the proof.

So we obtain,

and

etter [bounds
We note that we get a better upper bound with (B.Si but for our purpose (2.§§
is enough.



estimon

We are now interested by the estimates of ¢;(0). Heuristically, the manifold T is
locally as R. So the estimates as ¢ goes to 0 should be like in R that is constant x %
as in R for p;(0). For large time ¢, g,(0) should be like the constant 1 since the
manifold T is compact. So we are interested by the behavior of ¢;(0) — 1 when ¢
is large. This is related to ergodic property of the diffusion associated to the heat
kernel. Indeed, heuristically, the heat diffusion should be spread in a uniform way
on the compact set [—m; 7] with respect to the Haar measure on T. Recall that the
heat kernel g; has a mass one for any ¢ > 0.

Theorem 2.2 For anyt > 0, we have

JF<am<1+y /T (2.6)

and
27t < g,(0) — 1 < 2 (2.7)

= Ot ST ot .
In particular,

:(0) ~ g t—0 (2.8)

and
g:(0) ~ 2e7",  t — +oo. (2.9)

t1 tglob
. Note'th t EO.CGEOD and (E.?)Oarg valid for ny >0 buF are si ng{igggsg ltyfgggéltt
is small in (2.6) and for large ¢ is large in (2.7) as precised in (2.8) and (2.9). Note

that our asymptotics are deduced from the upper-lower estimates.

Proof: By the exact formula

i) o () 2o (725 (2]

k=1

T
g:(0 > \/Z

tloca . .
For the upper bound of (56 ), we use the Fourier series to express g;(x). We have

we easily get

g(z) =1+2>" e~ cos(nx)
k=1

So
g(0) = 1423 ™™ =14 20(t) (2.10)
k=1

with ¢(t) = 322, e, We compare ¢ with an integral

00 1 /7
t < 7tI2d — _ .
(1) _/0 e dr = oy/-

8
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stimgene

SO

9.(0) <1+ ./%
1
We have proved (EtG .

tglob
To prove the lower bound of (E 7 ),Owe use the simple fact ¢(t) > e~ so
gt(O) Z 1+ 2€7t

and for the upper bound,

:kz::le z:: _1—6

So

9:(0) < 1+21 —.

tlocaest |gtglobest tloca tglob |
The estimations ( an are immediately deduced from (2.6) and (2.7). This

completes the proof.

ti timoff
From Theorems B.SZ and be.sl ,l We deduce gaussian upper and lower bounds of the
heat kernel g; on T:

Theorem 2.3 For anyt > 0, we have

2
sup{,/i,l—l—Qe_t} exp _||3(:H < gi(x)
t 4t
T 2e~t |||
< 2inf{1 —.1 — ) 2.11
< 2inf{ +“t’ +1_et}exp< m (2.11)

In particular, for any 0 <t <1,

= exp (—”ﬂP) < gi(x) <201+ \f ( |I“2> - (2.12)

For any t > 1,
- [z 2e”" [z
— < < — . .
(1+2e7") exp ( T gi(z) < 2(1+ T e*t) exp it (2.13)
And
tLleroogt(x) =1

(The convergence is unifom on T).

lim g:(x) =0, xz#0.

t—0t+



Proof: The first part is left to the reader. We only show the last statement. Let
z,y € T and hy(x,y) = g(z,y) so hy is symmetric i.e. h(z,y) = hi(y,z) and
hi(z,z) = hy(0,0) = g,(0). By semigroup property and Cauchy-Schwarz inequality,
we get

1/2
hi(z,y) = /ht/gxz)ht/gzy (/T t/2$z ) (/]I‘ t/sz )

= (he(, 2)he(y. )" = ha(0,0) = 4:(0).
We take y = 0, so g;(r) = hy(z,0) < g4(0). In particular, sup__ g:(7) = g:(0). So
we get, gi(z) — 1 < g(0) — 1 < 22— " . By the gaussian lower bound, we have

2
(1+2e7") exp (—L) —1<gx)—1.

So

—t

2e - 2
sup,1g:() = 1] < sup{3——=, (1 + 2¢ 1 exp <_> ST

The uniform convergence of g,(x) to 1 as ¢ — +o0o is then proved.

3 Heat kernel on finite dimensional torus

As we shall see, there exists essentially one heat kernel on the finite dimensional
torus in the sense of the behavior at the origin of heats kernels is of the same type.

3.1 Definition of the heat kernel on T.

Let m € Nand T" = T x ... x T (m times) the m-dimensional torus. Let A4 =
(ay,...a,,) some positive real numbers. For each A, we define a heat kernel u* as
follows. For z = (1, ..., z,) € T™, we set du;* the measure with density

= H gakt(mw
k=1

d
with respect to the Haar(-Lebesgue) measure %
k=1 T
We have ji'(n) = e "™ where q¢(n) = a1 n} +... +ap nZ,, (N1, ...,0m) € Z™. Re-
call that the dual group of T™ is Z™. The function ¢ is the symbol of the generator
the convolution semigroup generated by p;. So the generator is of local type (see

F| p.?7).

10



3.2 Gaussian estimates of the heat kernel

To formulate the gaussian estimates of heat kernels, we introduce the natural dis-
tance d4 associated to the diffusion generated by p: let © = (xq,...,z,) € T™,

Y= (y17 7ym> € va

1 1
&% (2, y) = aTHml — | + -'-afﬂl’m — Yml]?

m

with ||zx|| the distance on T introduced in Theorem 2.1. From results obtain for g,
on T, we immediately deduce:

imgenetm| Theorem 3.1 For any A as above, for anyt > 0 and any v € T™:

(L) s (B2 < 0y <2 (L ) e (550

k=1

For anyt >0 and any x € T™,
i T 7a d%(x,0)
(kllsup{ aTt’1+26 kt}) exp <— A4t > < pi(x)

Y m 2e k! d%(x,0
S 2 <H 1Hf{1—|— ’1+1_€akt}> eXp <— 'A( )> . (315)

el akt 4t
For0 <t <1,
m -1/2 m/2 2
T d%(x,0)
(o) (7)o (-5 < st
i 7r d%(x,0)
< om 14, /— A ) 3.16
<o (M1 (i) oo (-257) o219
Fort>1,

(T 2) e (-0 < it
<om (f[u + 12_6;:)> exp (_ﬁ(ﬁ@) | (3.17)

The inequalities (3.16) and (8.17) respectively gives the correct behavior (up to
a multiplicative constant) of p7(x) when t is small and ¢ is large.

11



4 Heat kernel on infinite dimensional torus (Part
1)

As we shall see, there exists many heat kernels on the infinite dimensional torus in
the sense of the behavior at the origin. First we face to the existence of such heat
kernels. The generator of the semigroup generated by the convolution semigroup is
easy to express on cylindrical functions contained in the domain.

Before going into the subject, we start a short (informal) discussion on quantities
appearing above in the gaussian estimates of the heat kernel on T™.

Assume that we are given an infinite sequence A = (ay, as, ..., a,, ...) with a; >
0,Vk € N. We try to guess the behavior of the heat kernel p* (that we assume to
exist).

First, we note that if

d et < oo (4.18)
k=1

then we can take the pointwise limit
lim (H (1 + 2e~ ") )

and get a lower bound in (%%7) above. We shall see that this quantity appears in our
discussion below concerning the existence and the continuity of the density of the
heat convolution semigroup associated to 1Is1linﬁnite sequence A = (a1, a9, ..., Gy, ...)-
Note that, for the quantity appearing in (3.17), the limit

) - m 2e—akt
lim 2 (H (1+ 1_6_akt>>
k=1
C
is not finit under/or not under the condition (W) Indeed,
. - . . m 2€fakt
OO:1177I1112 §1177I1n2 kl:‘[l(].—f-m) .

Nevertheless,
m 2670%15

lim 1+ ———)] <0
k

mo\ i 1 — e—axt
and t jcs (i)rgﬂt will be the appropriate quantity to bound u7* at the origin 0 € T*
(see (2.7)). Indeed, p1(0) = lim,, ([T, g?ég()i))

which converges under the condition (4.18) for large ¢ with (a;) bounded below

by 6 > 0.

12



4.1 Definition of heat convolution semigroups on T.

We define T as the product of countable many copies of the torus T. It is a compact
abelian group with respect to the ordinary product structure. We shall identify T
with [—m, 7] so T* with [—m, 7]*°. We denote by dpy, the normalized Haar measure
on T. The measure d,uk(xk) is identified to dx’“ Where dxy, is the Lebesgue measure
on [—7,w]. The normalized Haar measure on T

“+o00

dp(w) = [T dpe(ar), == ()72, T

k=1
Such measure measure exists by the Caratheory extension theorem. The dual group
of T* is identified Z(* the subgroup of Z* consisting of all sequences which are
eventually zero i.e.

={n=(ng)pe,, sty €Z, 3N € N:Vk, |k| > N,;n, = 0}.

Namely, each n = ()32, € Z> determines a character e, on T,

en(x) = exp ( Z NgZr > r = (zg)52, € T.

Functions on T are identified with function on R which are periodic with
(27 T)> as group of periodicity.

Let A = (ax)52, with ax > 0 for any k£ € N. For each t > 0 we define the product

measure
o0
t ® Hayt
k=1

where fi; is the measure on T with density g;(x) with respect to the normalized Haar
measure on T.

It is easy to see that p;* defines a symmetric convolution semigroup on T*. Since
T* is a locally compact abelian group there exists a Fourier transform. (see Rudin?)
This transform is explicit and use the dual group to be expressed:

W) = [ S@eal@)due), 0= ()i, € 2.
So taking the Fourier transform of u;! satisfies :
(A (n) = e ™ with (n Z agn?, n=(ny)X, €€ 7,
. £
By the form of ¢, the semigroup (uy!);>o is of local type (see H')BF] Do)
The aim of the next section is to study the existence of a (continuous) density

of pt with respect to the Haar measure on T*°. We shall see that some condition
on the sequence A has to be fulfill for the existence of a (continuous) density.

13



4.2 Existence of density (heat kernels) of p.

We now formulate a remarkable theorem due to C. Berg (Thm. 4.3 and Thm 4.6

1]). This theorem characterizes all the situations where a density exits or not
and, in particular, a continuous density exits or not. This is an application of
Kakutani theorem about existence of (continuous) density for an infinite product of
probability measures with respect to a a fixed measure on the space under consid-
eration (see Appendix A).

Theorem 4.1 (C.Berg) Let ty = inf{t > 0:>%2, e %% < 0o} € [0, +00].

1. For any 0 < t < ty, the measure ui* is singular with respect to the Haar
measure on T™.

2. For any ty < t < oo, the measure 7' is absolutely continuous with respect to
the Haar measure on T but has no continuous density if tg <t < 2ty.

3. If 2ty < t the measure p has a continuous density with respect to the Haar
measure on T™.

We shall call ¢ the critical time for the convolution semigroup Proof: It is a
direct proof of Kakutani’s theorem (see Appendix A for details). We set pp = go, ¢V
with v, the Haar measure of T. So

H(tv) = T fo el d(o)

We set p(t) = 5 [ \/9:(0) d0. So H(u,v) =T1;2; plaxt).

By Kakutani’s theorem the measure u7* posseses a density with respect to the
Haar measure on T if an only if H(u,v) > 0 i.e.

In H(u,v) > —o0.

The condition is equivalent to

> Inp(ayt) > —oc.
k=1

i.e. - .
In < +00. (4.19)
k; plaxt)
In the case In H(p,v) = —oo, p is singular with respect to v the Haar measure on
.

1
So, we need some estimates of p(¢). We have (Prop. 2.8 of %Cl] p.59):

(@) 0<p(t)<1, Vt>0(b) limpt)=0,(c) p(t)~1— =

6_2t, t — +o0.
t—0t 4

14



The first result is obtained by Cauchy-Schwarz, the second is deduced from the
gaussain upper bound. The asf one is more difficult but crucial to get the criterium
expressed by ¢, (we refer to 1] p.60) .

Before proving theses results, we show how to conclude. In particular, this
condition implies that limy p(axt) = 1 (The general term of the series tends to 0).
By (a) and (b) above, this limit can be obtained only by the fact that limy, ayt = +00
(for this fixed t > 0) i.e limy a = +00. So our condition (B—Fgfls equivalent to

iln(l — (1 —p(axt))) > —oc.

Now, since limy, a;, = +o0o thus, by using (c), limg(1 — p(axt)) = 0 for any ¢ > 0. So
the condition is equivalent to

i_o: —(1 = plaxt)) > —o0.

that is

o0

Z(l — plaxt)) < +o0.

More explicitely
Z g2kt +0o0(%)
k=1
This proves the first and second statement of Berg’s result. Let’s fixe t > 0.

Indeed (to sum up the situation), we have u* is singular with respect to the Haar
measure in the other case that is if

o0
Z e 2t < 4o
k=1

and p7 is absolutely continuous with respect to the Haar measure if

e 2 = 400

M8

k=1

Let ty as defined in the theorem. Then t; is a critical value in the following sense:
for any t > to, we know that p7! is absolutely continuous with respect to the Haar
measure and for any t < t, we have that p! is singular with respect to the Haar
measure. In the general case we don’t know what happens if ¢ = ¢, (see Berg’s paper
for a discussion of one example such that...).

We now prove 3). (see Thm 4.6 of Berg). We use a general theorem on l.c.a

(locally compact abelian) groups saying that a symmetric convolution semigroup
(1) has continuous density with respect to the Haar measure iff ji; € L'(T') with T

15



the dual group of G endowed with its Haar measure. We apply this with G = T*
and T' = Z) (with counting measure).

In this proof, we assume that ¢ > t, to get the existence of a density (heat kernel)
for the measure ;.

First step: we prove
Hut HLl Z<°° ) = Z ’:ut H gakt
n:(nhng,...,)eZ(w)

Indeed, let Z" = {n = (n1,n2,...,n,,0,0,...),n, € Z,k = 1...p}. So 7% = Ug‘;lz .
By dominated convergence,

~ A T ~ A
|17 HLl(Z(OO)) = pllinoo ZP | |(n)

nel

For any n € Z', since pif' = @72, flaye With fias(nk) = faye (),
A A p p 5 p 2t 19 p
~ TL) _ /TOC ,at ($ —zxndV H — H e—aknkt — | H e_aknk§| H
k=1 k=1 k=1 k=1

Thus, by Parseval equality

p

i
L)

p p
S 1) = 1T 90,8 1Enizz, = | H%gwm:gmﬁmm:g%w>

neZ) k=1

Indeed, g, defines a symmetric convolution semigroup so

196l By = Jp 950 = 2),(2) dia(2) = g2.(0).

(take 2s = axt). We conclude

||IELZ4||L1(Z(°°)) - hm H gakt - H gakt(o)
k=1

p—-too .
Second step: The condition of existence Of a continuous density is characterized by
~A
1N o0y < 00
ie.
lim H Gayt(0) < 0.

p—too |

Taking the log, it is equivalent to

> 108 ga,t(0) < 00
k=1

16



At this point, let’s again discuss the behavior of a;’s.

The convergence implies the necessary condition limg_, ga,:(0) = 1. We know
that g,(0) = 1 + 2(t) with @(t) = 32, e . So, it implies

Jm9q,(0) = 0.

&
This implies that limy_, o ar = +00. Indeed, recall that (see Thm 5 l,m we have

proved:
1 /7 _t
go(t)rvi e t— 0, o(t) ~e ™", t— 4o0.

we also know that 0 < ¢,,+(0) for all k’s and that t — ¢(¢) is non-increasing. So
necessarily, for this fixed ¢ > 0, limy ., axt = +oo that is limg_ . ax = +o00.
(This condition is already contained in the discussion of the existence of the density
of u* above).

We come back to our criterium. The criterium is equivalent to
> log (1 + 2¢p(axt)) < oo.
k=1
ie. -
> plaxt) < 00
k=1

since limy, ¢(axt) = 0. From the facts that ay, tends to 400 and by p(t) ~e™t, ¢ —
400, we conclude

o
3 ekt < oo,
k=1

This condition is satisfied if £ > ¢, that is ¢ > 2t,.

The proof is now completed.

Exercice 4.2 : Let v be the normalized Haar measure on T.

1. Let o > 0 and a = 5 In(k + 1),k > 1. Show that ty = o is the critical time
and that ,uﬁ and v are mutually singular.

2. Let « > 0 and a, = 5~ In(k+ 1) + LInln(k + 2),k > 1. Show that ty = o is
the critical time. Show that u;‘é 15 absolutely continuous with respect to v.

3. Find a larger family satisfying the following conditions: to = « is the critical
time and ,ut"‘o 15 absolutely continuous with respect to v
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4. Let ap = 1,k > 1. Show that ty = +o0o. Find a larger class satisfying this
condition.

5. Let 3> 0 and a, = k°, k > 1. Show that ty = 0. (?)

6. For the examples above, what can be said about the existence of the density
and its continuity of it ?

Exercice 4.3 Show that for any ty € [0, +00], there exists a sequence A = (ag)r>1
such that the critical time for the convolution semigroup is exactly tg.

Appendix A : Kakutani’s theorem.
Theses notions are taken from the excellent book FBP] p.26-30.

Kakutani’s theorem is a dichtomy theorem about existence of density in the case
of infinite product of probability measures with respect to a reference probability
measure which is also a product of probability measures .

We recall some well-known definitions and results. Let p and v two (positive)
measures on (2, F) with F a o— algebra on the set 2. We recall that a measure p
is absolutely continuous with respect to v (denoted by p << v) if

VA € F, (v(A) = 0) = (u(A) = 0).

By Radon-Nikodym theorem, there exists a function f = % € L'(v) such that
w(A) = [, f(z)dv(zx). If p and v are probability measures then f is called a density
ie. f>0and [, f(z)dv(x) =1. We say that p and v are equivalent if p is abso-
lutely continuous with respect to v and v is absolutely continuous with respect to pu.
We say that p is singular with respect to v if there exists two disjoint sets A, B € F
such that Q = AU B and p(A) =0 and v(B) = 0 (for positive measures x and v).
We say that p and v are mutually singular if p is singular with respect to v and v
is singular with respect to pu.

We define the Hellinger integral as follows:

00
a¢ 0¢
where ( = (1 + v)/2. Note that x4 and v are absolutely continuous with respect to
¢ s0 /29 ig defined. The Hellinger integral gives a criterium about existence of

aC aC
a density of product of probabilty measures. Kakutani’s theorem assets that there

are two possible cases: 1) these measures are mutually absolutely continuous or 2)
theses measures are mutually singular.
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kutanith| Theorem .4 Let (ug)p>1 and (vg)k>1 be two sequences of probability measures on
(R, B(R)) such that py, and vy, are equivalent for any k > 1. Let p = @) puy, and v =

k=1
® vy the two associated product probability measures on R™ =R x R... (countable
k=1

product of R). We have N
H(p,v) = kHl H (g, vg).
Then we have two possibilities:
1. If H(p,v) > 0 then p and v are equivalent and the density of u with respect

to v is given by

o) = Jim TT 9% (w). 2 = (oo € B

2. If H(pu,v) =0 then p and v are mutually singular.

For a proof see H%P] p. 29.

In the case of measures @ on T ~ [—m, 7|, we extend these measures on R (de-
noted by &) in a natural way: let A € B(R), we set & = a(AN [—m, 7).

Recall that Kolmogorov’s extension theorem gives the existence and uniqueness
of the measures p and v of the theorem above. We recall that theorem which can
be found in many text books (ref?).

Let (Qy,, F,, P,) be countable family of probability spaces. Let Q = 0y x Q5 x
Q3...00,... be the cartesian product of €2, and F be the oc—algebra generated by
C = A; x Ay x ...A, with A, € F, and n € N. Then there exists a unique
probability measure P on F such that

P(C) = Pi(A}) x Py(As) X ...Py(Ay).

This theorem can be applied to countable many copies of the Haar measure on
the torus T to prove the existence of the Haar measure on T and to prove the
existence of the measure ! = ®ju4,¢ on T,

Solutions of exercices:
Aknowlegement: I warmly thank A.Bendikov for mentioning that Th. has been
proved independently by Bendikov, Berg, ¢.
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