
High frequency
analysis of the

dissipative Helmholtz
equation

Julien ROYER

Introduction

Helmholtz equation with
non constant absorption
index

Outline

Uniform resolvent
estimates

Mourre’s method in the
dissipative setting

Resolvent estimates for the
dissipative Schrödinger
operator

Semiclassical measure

Statement of the Theorem

Insight into the new
difficulties

High frequency analysis of the dissipative
Helmholtz equation

Julien ROYER

GDR Quantum dynamics - Orléans
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The Helmholtz equation

We study on Rn the following Helmholtz equation:

p�h2∆�V1px q � ihV2px q � E qu

h

� S .

This equation models accurately the propagation of the
electromagnetic field of a laser in material medium.

V1px q � E : refraction index,
V2px q : absorption index,

S : source term,
h : wave length,

0   h ! 1.

We consider the high frequency approximation h Ñ 0.
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The non-selfadjoint Schrödinger operator

When V2 is constant, it can be put in the spectral parameter:

pH h
1 � zhquh � S ,

with

H h
1 � �h2∆�V1px q and zh � E � ihV2.

When V2 is variable, it has to be in the operator itself:

pHh � E quh � S ,

with
Hh � �h2∆�V1px q � ihV2px q.

ù we have to work with a non-selfadjoint operator.
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Dissipative operators
The operator H on the Hilbert space H is said to be dissipative if

@ϕ P DpH q, Im 〈Hϕ,ϕ〉 ¤ 0.

H is said to be maximal dissipative if any dissipative extension of
H is trivial.

In this case :

The resolvent pH � z q�1 is well-defined if Im z ¡ 0 and

��pH � z q�1
��
LpHq ¤

1

Im z
.

H generates a contractions semi-group

t P R� ÞÑ e�itH ,
��e�itH

��
LpHq ¤ 1,

and for ϕ P DpH q:
d

dt

��e�itHϕ
��2
H � 2 Im

〈
He�itHϕ, e�itHϕ

〉 ¤ 0.
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Questions

1 We first look for uniform resolvent estimates:

@h Ps0, h0s,

sup
Re z�E
Im z¡0

��pH

h

� z q�1
��
LpH1,H�1 q

¤ c

phq

(H1 � L2pRnq � H�
1 ).

This gives the limiting absorption
principle:

lim
µÑ0�

pH � pE � iµqq�1 exists in LpH1,H�
1 q,

and

}u}H�1 � ��pH � pE � i0qq�1S
��
H�1

¤ c }S}H1
.

We study these estimates in an abstract setting, and then for
the dissipative Schrödinger operator.
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Questions

2 We study the semiclassical measures for the solution uh of
the Helmholtz equation for a particular term source Sh :〈

Opw
hm
pqquhm

, uhm

〉 ÝÝÝÝÑ
mÑ8

»
R2n

q dµ,

where hm Ñ 0 and

Opw
h pqqupx q �

1

p2πhqn
»
Rn

»
Rn

e
i
h 〈x�y,ξ〉q

�x � y

2
, ξ
	
upyq dy dξ

(Weyl quantization of q).
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Mourre’s commutators method

Theorem (E.Mourre 81,. . . )

Let H1 be a self-adjoint operator on the Hilbert space H.

The self-adjoint operator A on H is said to be conjugate to H 1 on
the open set J � R if

some conditions about the commutators rH1, iAs and
rrH1, iAs, iAs are satisfied,

and for some α ¡ 0:

1J pH1qrH1, iAs1J pH1q ¥ α1J pH1q.

In this case, for δ ¡ 1
2 and a compact I � J there exists c ¡ 0

such that for Re z P I and Im z � 0���〈A〉�δ pH 1 � z q�1 〈A〉�δ
���
LpHq

¤ c.

〈λ〉 � �
1� |λ|2 � 1

2
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Mourre’s commutators method

Theorem
Let H � H1 � iV be a dissipative operator on the Hilbert space
H, where H1 is self-adjoint and V ¥ 0 is self-adjoint and
H1-bounded with relative bound <1.

The self-adjoint operator A on H is said to be conjugate to H on
the open set J � R if

some conditions about the commutators rH1, iAs, rV , iAs
and rrH1, iAs, iAs, rrV , iAs, iAs are satisfied,

and for some α ¡ 0:

1J pH1qrH1, iAs1J pH1q ¥ α1J pH1q.

In this case, for δ ¡ 1
2 and a compact I � J there exists c ¡ 0

such that for Re z P I and Im z ¡ 0���〈A〉�δ pH � z q�1 〈A〉�δ
���
LpHq

¤ c.
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Two words about the assumption

1J pH1qrH1, iAs1J pH1q ¥ α1J pH1q.
We do not have a functionnal calculus for the non-selfadjoint
operator H .

We use functionnal calculus for the self-adjoint part H1, and
the assumption that the dissipative part V is “smaller” than
H1.

Lemma (Quadratic estimates)

Let T � TR � iTI where TR is self-adjoint and TI ¥ 0 is
self-adjoint and TR-bounded with relative bound <1.
If B�B ¤ TI , Q is bounded and Im z ¡ 0 we have

��BpT � z q�1Q
�� ¤ ��Q�pT � z q�1Q

�� 1
2 .

We use the quadratic estimates with

T � H1 � iεφpH1qrH1, iAsφpH1q, suppφ � J ,

and B � ?
ε
?
αφpH1q.
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Mourre’s commutators method

Theorem (J.R. 10)

Let H � H1 � iV be a dissipative operator on the Hilbert space
H, where H1 is self-adjoint and V ¥ 0 is self-adjoint and
H1-bounded with relative bound <1.

The self-adjoint operator A on H is said to be conjugate to H on
the open set J � R if

some conditions about the commutators rH1, iAs, rV , iAs
and rrH1, iAs, iAs, rrV , iAs, iAs are satisfied,

and for some α ¡ 0, β ¥ 0:

1J pH1q
�rH1, iAs�βV

�
1J pH1q ¥ α1J pH1q.

In this case, for δ ¡ 1
2 and a compact I � J there exists c ¡ 0

such that for Re z P I and Im z ¡ 0���〈A〉�δ pH � z q�1 〈A〉�δ
���
LpHq

¤ c.
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More about abstract resolvent estimates

Limiting absorption principle: for λ P J the limit

lim
µÑ0�

〈A〉�δ pH � pλ� iµqq�1 〈A〉�δ

exists in LpHq and defines a continuous function of λ.

Estimate in Besov spaces.

Estimates for the powers of the resolvent and regularity of the
limit.
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Classical flow

Let
H h

1 � �h2∆�V1px q
with

|BαV1px q| ¤ cα 〈x 〉�ρ�|α| , ρ ¡ 0.

Let
ppx , ξq � |ξ|2 �V1px q.

We denote by φtpx0, ξ0q � px pt , x0, ξ0q, ξpt , x0, ξ0qq the
solution of the hamiltonian system

$'&
'%
Btx ptq � 2ξptq,
Btξptq � �∇V1px ptqq,
x p0q � x0, ξp0q � ξ0.



High frequency
analysis of the

dissipative Helmholtz
equation

Julien ROYER

Introduction

Helmholtz equation with
non constant absorption
index

Outline

Uniform resolvent
estimates

Mourre’s method in the
dissipative setting

Resolvent estimates for the
dissipative Schrödinger
operator

Semiclassical measure

Statement of the Theorem

Insight into the new
difficulties

Classical flow

Let
H h

1 � �h2∆�V1px q
with

|BαV1px q| ¤ cα 〈x 〉�ρ�|α| , ρ ¡ 0.

Let
ppx , ξq � |ξ|2 �V1px q.

We denote by φtpx0, ξ0q � px pt , x0, ξ0q, ξpt , x0, ξ0qq the
solution of the hamiltonian system

$'&
'%
Btx ptq � 2ξptq,
Btξptq � �∇V1px ptqq,
x p0q � x0, ξp0q � ξ0.



High frequency
analysis of the

dissipative Helmholtz
equation

Julien ROYER

Introduction

Helmholtz equation with
non constant absorption
index

Outline

Uniform resolvent
estimates

Mourre’s method in the
dissipative setting

Resolvent estimates for the
dissipative Schrödinger
operator

Semiclassical measure

Statement of the Theorem

Insight into the new
difficulties

Resolvent estimates

Theorem (D.Robert-H.Tamura 87, X.P.Wang 87)

Let δ ¡ 1
2 and E ¡ 0.

Then we can find h0 ¡ 0, a neighborhood I of E and c ¥ 0 such
that for h Ps0, h0s and Re z P I and Im z � 0 we have

���〈x 〉�δ pH h
1 � z q�1 〈x 〉�δ

���
LpL2pRnqq

¤ c

h

if and only if E is non-trapping:

ppx , ξq � E ùñ |x pt , x , ξq| ÝÝÝÝÑ
tÑ�8

�8.

We have the limiting absorption principle and the limit of the
resolvent

pHh � pE � i0qq�1 : L2,δpRnq Ñ L2,�δpRnq
gives the unique outgoing solution for the equation

pHh � E qu � S .
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Resolvent estimates

Theorem (J.R. 10)

Let δ ¡ 1
2 and E ¡ 0. Suppose that V2 ¥ 0 is of long range.

Then we can find h0 ¡ 0, a neighborhood I of E and c ¥ 0 such
that for h Ps0, h0s and Re z P I and Im z ¡ 0 we have

���〈x 〉�δ pHh � z q�1 〈x 〉�δ
���
LpL2pRnqq

¤ c

h

if and only if for px , ξq P p�1ptEuq

sup
tPR

|x pt , x , ξq|   8 ùñ DT P R, V2px pT , x , ξqq ¡ 0.

We have the limiting absorption principle and the limit of the
resolvent

pHh � pE � i0qq�1 : L2,δpRnq Ñ L2,�δpRnq
gives the unique outgoing solution for the equation

pHh � E qu � S .
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C. Gérard and A. Martinez (88) constructed a conjugate operator
to H h

1 , using pseudo-differential calculus.

We look for a conjugate operator of the form

Ah � Opw
h px � ξ � rpx , ξqq, r P C8

0 pR2nq

(if V1 � 0 we can choose r � 0).

In order to have

1J pH h
1 qrH h

1 , iAh s1J pH h
1 q ¥ c0h1J pH h

1 q, c0 ¡ 0,

after quantization, we construct r such that

tp, x � ξ � rpx , ξqu ¥ c0 on p�1pJ q.
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0 pR2nq
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1J pH h
1 q
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1J pH h
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Semiclassical measure for the solution of the
Helmholtz equation

Let
uh � pHh � pE � i0qq�1Sh

where
Hh � �h2∆�V1px q � ihV2px q

and Sh is an explicit source term which concentrates on a bounded
submanifold of Rn :

Γ bounded submanifold of Rn of dimension d P J0,n � 1K, σΓ

Lebesgue measure on Γ,

A P C8
0 pΓq,

S P SpRnq,
Shpx q � h

1�n�d
2

»
Γ

Apz qS
�
x � z

h



dσΓpz q.

We have:

@δ ¡ 1

2
, }Sh}L2,δpRnq � O

�?
h
�

and }uh}L2,�δpRnq � O
� 1?

h

	
.
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Known results for a constant absorption index

J.D.Benamou-F.Castella-T.Katsaounis-B.Perthame-02:
Γ � t0u, semiclassical measure as the limit of the Wigner
transform
(see also F.Castella (05)).

F.Castella-B.Perthame-O.Runborg-02: Γ affine subspace of
Rn , V1 � 0.

X.P.Wang-P.Zhang-06: V1 � 0.

E.Fouassier-06: two source points.

E.Fouassier-07: V1 discontinuous along a hyperplane.

J.-F.Bony-09: Γ � t0u, microlocal point of view.
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The Assumptions

V1 of long range.

V2 of short range:

|BαV2px q| ¤ cα 〈x 〉�1�ρ�|α| , ρ ¡ 0.

E satisfies the damping assumption on trapped trajectories:

sup
tPR

|x pt , x , ξq|   8 ùñ DT P R, V2px pT , x , ξqq ¡ 0.

@z P Γ, V1pz q   E .

if NEΓ �
!
pz , ξq P NΓ : |ξ|2 �V1pz q � E

)
then

σNEΓ

�tw P NEΓ : Dt ¡ 0, φtpwq P NEΓu� � 0.
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Theorem (J.R. 10)

There exists a non-negative Radon measure µ on R2n such
that

@q P C8
0 pR2nq, 〈Opw

h pqquh , uh〉 ÝÝÝÑ
hÑ0

»
R2n

q dµ.

µ is characterized by the following three properties:

a. suppµ � p�1ptEuq.
b. µ � 0 on the incoming region t|x | " 1, x � ξ ¤ � 1

2
|x | |ξ|u.

c. µ satisfies the Liouville equation

tp, µu � 2V2µ � πp2πqd�n |Apz q|2 |ξ|�1
�
�Ŝpξq

�
�
2

looooooooooooooooooomooooooooooooooooooon

κpz ,ξq

σNEΓ.

These three properties imply that for all q P C8
0 pR2nq the

integral of q is given by

» 8
0

»
NEΓ

κpz , ξqqpφtpz , ξqqe�2
³t
0
V2pφ

spz ,ξqq ds dσNEΓpz , ξqdt
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The three new difficulties:

Non-selfadjointness of Hh .

Geometry of Γ (and NEΓ).

Trapped trajectories.
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Time-dependant approach

Let w P R2n and q P C8
0 pR2nq supported close to w .

Opw
h pqquh �

i

h

» T0

0

Opw
h pqqe�

it
h pHh�EqSh dt

�Opw
h pqqe�

iT0
h pHh�Equh .

Let

U h
1 ptq � e�

it
h H h

1

Proposition

Let t ¥ 0 and a P C8
b pR2nq. We have

ptq�Opw
h paqptq � Opw

h

�
a � φt�� O

hÑ0
phq.
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Time-dependant approach

Let w P R2n and q P C8
0 pR2nq supported close to w .

Opw
h pqquh �

i

h

» T0

0

Opw
h pqqe�

it
h pHh�EqSh dt

�Opw
h pqqe�

iT0
h pHh�Equh .

Let

U h
1 ptq � e�

it
h H h

1 , Uhptq � e�
it
h Hh

Proposition

Let t ¥ 0 and a P C8
b pR2nq. We have

U h
1 ptq�Opw

h paqU h
1 ptq � Opw

h

�
a � φt�� O

hÑ0
phq.
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Let w P R2n and q P C8
0 pR2nq supported close to w .
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i

h
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0

Opw
h pqqe�

it
h pHh�EqSh dt
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iT0
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Let
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1 ptq � e�
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h H h

1 , Uhptq � e�
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Proposition

Let t ¥ 0 and a P C8
b pR2nq. We have

Uhptq�Opw
h paqUhptq � Opw

h

�
pa � φtqe�2

³t
0
V2�φ

s ds
	
� O

hÑ0
phq.
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Partial semiclassical measures

To avoid large times, we first study

uT
h � i

h

» T

0

e
it
h pHh�EqSh dt

for any fixed T ¥ 0.

This gives a mesure µT such that〈
Opw

h pqquT
h , u

T
h

〉 ÝÝÝÑ
hÑ0

»
R2n

q dµT .

@ε ¡ 0, DT0 ¡ 0,@T ¥ T0,

lim sup
hÑ0

��〈Opw
h pqquh , uh〉�

〈
Opw

h pqquT
h , u

T
h

〉�� ¤ ε,

and »
R2n

q dµT ÝÝÝÝÝÑ
TÑ�8

»
R2n

q dµ,

for some non-negative Radon measure µ on R2n .
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