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Resonances
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Transport problem
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non-equilibrium condition

supp g = {k >0, k> ~ Re Ef}es}

h — 0, stationary case (Nier, Bonaillie-Noél, Patel 08,09)
"Non-linear phenomena are governed by a finite number of resonant states”
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Transport problem

[ Hh = —R2A 4V - Wh V],

non-equilibrium condition
X (a b)VNL — /0
supp g = {k >0, k> ~ Re Ef}es}

o) = [ gl 1o (k,z)P

Our guess: in the non-stationary case Vf\} 7, Is adiabatic perturbation




Motivations

Rappel: G. Jona-Lasinio,C.Presilla,J.Sjéstrand (95), C.Presilla,J.Sjéstrand (96,97)

(10 + A —V)$(-,t,E) =0 g
oy B 9(B) ™ 5
V =14 5)U(c,d) V0 — Bl(g,—o0) + W(s, ) L — y
\ B
([ (z—a)(d—c
(é_a)l((d_ﬁ) z € (a,b)
_ 87 (b—a)(d—c)
Wi(s,z) = a,BS(gb)l(a’d) X (b—a)+(d—c) x € (b, c)
b—a)(d—=x
\ (g)—a))i(d—g) z € (¢, d)

c+d
s(@) = /dE g(F) [bfb dz |(z, t, E)|? (charge sheet density)
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Rappel: G. Jona-Lasinio,C.Presilla,J.Sjéstrand (95), C.Presilla,J.Sjéstrand (96,97)

Q;___

[ (i0i+A—V)¢(-,t,E)=0

) Y = 1(a,b)U(c,d)V0 — Bl(d,—oo) + Wi(s, ")

approximations

0rs| << 1 (adiabatic evolution)
=
(b—a)+ (d—c) = (WKB)

Vo

________

Ops(t) = =21 (s(t)) [s(t) — f(s(t))]

f=2mg(Ep(s)) T 1(s) V@ {1t %, Eyes )

2




Motivations

Rappel: G. Jona-Lasinio,C.Presilla,J.Sjéstrand (95), C.Presilla,J.Sjéstrand (96,97)

Vo

[ (i0i+A—V)¢(-,t,E)=0 o I
1y B g(E) S
V = Lab)u(e,d)Vo = Bld,—oc) = W(s, ) T ;

\ B
approximations

|0rs| << 1 (adiabatic evolution) Ors(t) = —2I(s(t)) [s(t) — f(s(t))]

=4 2

(b—a)+ (d—c) — oo (WKB) f=2ng(Er(s) T (s) Vg \<u Vg, Eyes)

open questions

Adiabatic (non-linear) evolution of resonances: ¥, g, . (s(0))(¢) ~ 2(t) ¥y B,.s(s(t))

Réle of the geometry in the deduction of the reduced model
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i) (G. Perelman 2000) evolution of quasi-resonant states

wq,Eres(O)(t) — ,u(t) ’(ﬁq,Eres(t)—l—R(t); R ~ 0(6) pour: ¢ S ||m ET€S|—|-€_V’ V€ (07 1)

- many time scales




Adiabatic evolution of resonances: the linear case

HMt) = —h2A + V(et) — W(et)

...differents strategies are possibles

i) (G. Perelman 2000) evolution of quasi-resonant states
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||m Er€5|

wq,Eres(O)(t) — ,u(t) ’(ﬁq,ETGS(t)—I—R(t); R ~ 0(6) pour: ¢ S vV ve (O, 1)

- many time scales

ii) Complex deformations (Main problem: lack of estimates uniform in time for the semigroup)

(A. Joye, 07 — adiabatic theorem for dynamical systems without uniform time estimates)

- analyticity assumptions




A modified model

For g€ C:  Hp = —h2Ag+V-W" — Wwh= Kvﬁ+@ suppW"1 5 C (a,b)
Lee My,

( _6_070’& N =u _'6_%90’&/ ) =/ (b~
D(AQO)ZHZ(R\{CL,[)}), 0, (b ) (b )' (b ) (b )

\ e 2u(a”) = u(a™); e_%eou’(a_) = u/(a™)

| Dgyu = zu, R\ {a,b}




A modified model

0

For g € C: HJ = —h?Ag+V-W", — wh= Kvﬁjﬂ/ﬁ suppW"1 5 C (a,b)

Lee My,
( -

_9_0 —\. —§90/ I (h—
D(Bgy) = HA(R\ {a, b}), 2u(bT) = u(b™); e720u/(bF) = w/(b7)

6 39
e 2u(a”) =ul(a™); e 2%/ (a”) = d/(a™)

| Dgyu = zu, R\ {a,b}

Assumptions

[A1] Ay <V, Vg < g IWle <2, [[Wag, < 2k
[As] H = —h2A87b) +V —-wh
o (Hp)n@inf V)= (N} o (X))o (HD)\{N}) > e

limy,_,q )\h N0 e (¢,infV —¢); ‘)\? — )\0‘ < %
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A modified model

the artificial interface conditions

e introduce small perturbations controlled by ||

Lemma Let

dk ik
Wao - Woo(z,y) = | o——(k2)e™ WY, (Dgy+ k%) v (k,z) = 0

We have:  Ag Wy, = Wy A,

WHO =I1d+ O(0y) = eitAQO = A + O(6p)
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A modified model

the artificial interface conditions

introduce small perturbations controlled by ||

allow to define an m-accretive operator under complex deformation

Iin

Complex deformations method
(Aguilar, Balsev, Combes, Simon)

Deformed operator Hgo(e) — —h2e % 1R\(avb)A90+9 +V —wh

Re



A modified model

the artificial interface conditions
e introduce small perturbations controlled by ||

e allow to define an m-accretive operator under complex deformation

A Krein-like resolvent’s formula

1 4 1 -
= Z Mij (2,0, 1(a,b)ui,z) <7j Uj,z .>L2(R) Vi Ui,z

(Hp (0) — =) = (Hlyp(6) — =) P2

h _ 2,—20 AN 2D
HYyp(0) = ~h2e A () @ |~h2A

mm+V—Wﬂ

(—h2e—29 D2 +V —Wh—2) =0,  u;. € H2(R\{a,b})

for Rez < 0= M;j(2,0,1(4p)uiz) = M;j(2, (g p)ti,z)




A modified model

the artificial interface conditions
e introduce small perturbations controlled by ||

e allow to define an m-accretive operator under complex deformation

Im
Im 6| < F

QN\o (Hy, (0))
indépendant de 0

9
Tegs = R+ e 12 I @

For: Q C {Rez < 0}, z € Q\o (Hgo(e))

-1
0 — (Hgo(e) - Z) is holomorphic in the strip: |Im 8| < %




A modified model

the artificial interface conditions
e introduce small perturbations controlled by ||

e allow to define an m-accretive operator under complex deformation

Im
Im 6| < F

QN\o (Hy, (0))
indépendant de 0

_ 59
Teas R+ e 'c T @

Proposition (Faraj, M., Nier 2010). For Im@# > 0, the resonances of Hélo coincide with the
eigenvalues of Hgo(e) in {argz € (—2Im6,0)}



A modified model

the artificial interface conditions
e introduce small perturbations controlled by ||

e allow to define an m-accretive operator under complex deformation

Lemma Let 0 = 6y = i1, 7 > 0. Then: ngLO(HO) is maximal accretive.

Proof. —iR, € res (Hgo(Qo)) and

Re <u,z’H§LO(90)U>L2 = h?sin 27'/@ ‘u/f >0, ue D (Hgo(90)>

\(a,0)
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1. Localisation of resonances (controlling the error with )
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A modified model

the artificial interface conditions
e introduce small perturbations controlled by ||

e allow to define an m-accretive operator under complex deformation

...work plan:

1. Localisation of resonances (controlling the error with )
2. Adiabatic evolution

3. A model of quantum transport



Localizing resonances

in: wy, = {z - d (z, {)\?D < ch} ( <—h28% +V -Wh— z) u=0, xé&(a,b)
(h()’x + iz%e_%) u(a™) =0

\\

(Hgbo(e) —z)u:O —

1
u € L(R), Im@ > |arg | (haq; — izﬁe_eo) u(b™) =0



Localizing resonances

( 292 h —
in: w,y = {z : d(z,{)\?}) < ch} <—h o;+V —-W —z)u—O, x € (a,b)
50 +
(H}(0) —2z)u=0 — (hawﬂz% °>u(a )=0
6o
1
u € L2(R), Im6 > |argz| (haq; — izie_eo) u(b™) =0

2
Proposition (Faraj, M., Nier, 2010). Under the assumptions [A1], [A2], |0g] < %: There

' ' h : h _ —0; :
exist [ solutions {zj (60)}j§l to the problem: (HQO(H) z> u=20in W

: \z}(eo) _ /\y( — 0 (h— e—?> , So = da, (suppWh, {a,b}, /\0)

_50 2h oy 259
Moreover, if: i) e 3h < |0g| < %; i) limj,_,gh3e® ’)\? — )\0‘ = +o0 =

2S5
[22(80) — 22(0)] = © (Qoh_3e_TO>



Adiabatic theory
Assumption [A3]:
i) 6 =6 = ih"\0, Ny > 4;

i) V(t), Wh(t), \0(t) e cK(0,T), K >2:

€r — I
whe v wn< ”,t), Wi = 5 ham(t)s (z — ym)
n<N h m<N

iii) [Al] , [AQ] unif /'t.



Adiabatic theory

an evolution problem: us € L*(R), &= e , T>0
( 1e0ruy = Hgo(eo, t)ut
9
us = Po(s)us, Py(t) = spectral projector over l.c. {z?(@o, t) }j<l



Adiabatic theory

an evolution problem: us € L*(R), e=¢e &,

=14
\]
V
o

( 1e0rur = Hgo((go, t)uy

—1
us = Po(s)us,  Polt) = o& /a T (= — Hp (60,1) dz

\

P Sa N . hhr“
Grn(A?) = {|m‘g g] < K, z— 2% < Ch, d{z,}.;) > }

Re

art(t)




Adiabatic theory

an evolution problem: us € L*(R), e=e h, 7> 0

>

( 1e0rur = Hgo((go, t)uy

—1
us = Po(s)us,  Polt) = o& /a T (= — Hp (60,1) dz

\

Theorem (Faraj, M., Nier, 2010). In the assumptions [A3]; let § € (0,1), ¢o(s,t) be the
parallel transport of Py(t) and v; such that
iedyvy = do(s, t)Po(t) HYt (60, t) Po(t)o(t, s)vr Orpo = [0:F0(s), Po(t)] ¢o
| oot = s,8) = Id

Vs — Us

Then,

B 1—6
tem[?%] ||ut ¢0(t, S)Ut“L?(R) < Ca,b,c,(S,Tg ||u3||L2(]R)



Evolution adiabatique d’une couche de charge

Hypothéses
Vo >0, ce€(a,b),

HY () = —h2Ag + 1, \Vo + ha(t)de, 1
A" % Hap Vot halt)oe o e C? (O,T; (—2\/02,0))

supp g(k) = {k > 0,

k2—>\o’ < %}

ob = I 3xr9(k) [ (k. 00)) (K, o)l (H5(0) = K2) 9o (k, -, o)

Agy(t) =T [X p?] : supp x = (¢ — 2n,c+ 2n)



Adiabatic evolution of a charge’s density sheet

Assumption [Ay]:

. h € (0, hg) , hg small; 8y = ihNo, Ny > 2.

1 :
- € CF (O,T; (—2V02,0)>, | — as| < dg h, such that: {8ga(t)}j§,] # 0.

2
Oy

At =V — a1 and dg > 0 such that V¢:

1
)\fésuppg:{k>0,

h
k2 — Mgl <21
O‘ do}

1
- g(E?2) is holomorphic in a complex neighbourhood of g, of size d%'

o Lol ge a,b})



Adiabatic evolution of a charge’s density sheet

Theorem (Faraj, M., Nier, 2010). In the assumption [A4], we have

1
1. There exists an unique resonance of Hgo a(t)’ E(t), with: Re E2(t) € (0, Vp). With the
notation: E(t) = Epr(t) — il¢,

Bp(t) = M +0 (=T e 1y = o (e i dedat)).

The corresponding resonant state is G(t) : (Hgo 0~ E(t)) G =6., in L?(a,b)

2. For d(c,{a,b}) = c —a, Ag,(t) = a(t) + T(t) + O (|60])

, dya(t) = (—211) <a(t) o ( g< %))

1 , JE)=1-
a(0) =g (AS)

)
For d(c,{a,b}) = b — ¢, there exists 8 > 0 such that: Ay (¢) = O (e_ﬁ)

3
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