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A simple example

1-e3-¢* 1-2-¢68
e 1-g3-¢* et
— .
o =0 e @ 12

1-¢
>e=0: P=Id

> 0 < e <emax: irreducible, aperiodic, not reversible
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A simple example

1-e3-¢* 1-¢g2-¢8
et 1-g3-¢4 et
/\
\5_3/@ P: 3 1_52_53

l1-¢
>e=0: P=1d
> 0 < e <emax: irreducible, aperiodic, not reversible
Stationary distribution: g = 2(1+—i+52)(1> 1+e,e+26e?)
Speed of convergence to mg?
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A simple example

1-e3-¢* 1-¢2-¢3
e* 1-g3-¢* et g3
/\
O] P = g3 1-e2-¢3 ¢

2
0 € l1-¢
€
g3 22
0<e <emax

l1-¢
>e=0: P=1d
> 0 < e <emax: irreducible, aperiodic, not reversible
Stationary distribution: g = 2(1+—i+52)(1> 1+e,e+26e?)
Speed of convergence to mg?

Eigenvalues of P: Ao =1
A =1-23+0()
)\2 = 1—€+O(52)
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Main question

How to easily determine leading term of spectral gap 1 — ;7

> Linear algebra/analytic methods (singular perturbation theory), e.g.
[Schweitzer 68, Hassin & Haviv 92, Avrachenkov & Lasserre 99]

> Probabilistic methods, e.g. [Wentzell 72, Freidlin & Wentzell 70s,
Miclo 95, Beltran & Landim 2010, Cameron & Vanden—Eijnden 2014,
Betz & Le Roux 2016, Cameron & Gan 2016]
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Main question

How to easily determine leading term of spectral gap 1 — ;7

> Linear algebra/analytic methods (singular perturbation theory), e.g.
[Schweitzer 68, Hassin & Haviv 92, Avrachenkov & Lasserre 99]

> Probabilistic methods, e.g. [Wentzell 72, Freidlin & Wentzell 70s,
Miclo 95, Beltran & Landim 2010, Cameron & Vanden—Eijnden 2014,

Betz & Le Roux 2016, Cameron & Gan 2016]

Some probabilistic tools: O
> W-graphs
> Lumping of states
> Speeding up time

> Here: trace process
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Trace process

X finite, {X;} neny, irreducible aperiodic M.C., transition matrix P, Ac X

> Process killed upon leaving A: Pa(x,y) = P(x,y)(y yen)
> Trace process on A: process monitored only when in A
AP(x,y) =P{Xr =y}, 71p=inf{n>1:X, €A}
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Trace process
X finite, {X;} neny, irreducible aperiodic M.C., transition matrix P, Ac X

> Process killed upon leaving A: Pa(x,y) = P(x,y)(y yen)
> Trace process on A: process monitored only when in A
AP(x,y) =P{Xr =y}, 71p=inf{n>1:X, €A}

AP(X7y) :]P)X{Tz = 17)<‘r/:r :y}+Px{TX 22,X7_; :y}
=P(x,y)+ ) P(x,2) Y P*H{7a = n, Xor =y}

zeAc n>1
=Pa(x,y)+ Y P(x,2) Y Pit(z,2') P(Z,y)
z,z"eAc n>1

[1-Pac]"*(z,2")
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Trace process
X finite, {X;} neny, irreducible aperiodic M.C., transition matrix P, Ac X

> Process killed upon leaving A: Pa(x,y) = P(x,y)(y yen)
> Trace process on A: process monitored only when in A
AP(x,y) =P{Xr =y}, 71p=inf{n>1:X, €A}

AP(X7y) :PX{TX = 17X7'; :y}+Px{TX 22,X.,_; :y}
=P(x,y)+ ) P(x,2) Y P*H{7a = n, Xor =y}

zeAc n>1
=Pa(x,y)+ Y P(x,2) Y Pit(z,2') P(Z,y)
z,z"eAc n>1

[1-Pac]"*(z,2")

Matrix representation (Schur complement)

P= PA PAAC =4 APZPA+PAAc[ﬂ—PAc]_1PAcA
PACA PAC
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Application to the example

%/6_3\ Q 1-g3-¢% et
— P = 3 1-e%-¢
3 0 g
83 82
A={1,2}
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Application to the example

4
O@ 1-g3-¢* et g3

— .
\/

S 3
= @ P = g3 1-e2-¢3 ¢?
¢ 0 € l1-¢
83 52
3
AP: PA+PAAC[]1_PAC]71PACA
1-¢g3-¢* e 3\ 1
:( g3 1—82—83)+(€2 E(O 6)

(1—63—54 53+54)

g3 1-¢3
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Application to the example

64

1-g3-¢% et g3

P = 3 1-e2-¢3 ¢?

0 € 1-¢
A={1,2}

AP:PA+PAAc[]1—PAc] ACA

1-g3-¢% et 3\ 1
:( 3 1—52—53)+(£2 E(O 6)
(1—63—54 53+54)

g3 1-¢3

ANo =1 A =1

C@ @:) A =1-23-c* A =1-23+0(d)

Aa=1-ec+0(e?)
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A nice application of the trace process

Recall: the chain in not assumed to be reversible:
mo(x)P(x,y) # mo(y)P(y,x) in general
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A nice application of the trace process

Recall: the chain in not assumed to be reversible:
mo(x)P(x,y) # mo(y)P(y,x) in general

Proposition: Vx,y € A

mo(x)P {1y <77} = mo(y)PY {75 <7, }

> First proof in non-reversible case: [Betz & Le Roux 2016]
Using mo(x) = 1/EX[7]]
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A nice application of the trace process

Recall: the chain in not assumed to be reversible:
mo(x)P(x,y) # mo(y)P(y,x) in general

Proposition: Vx,y € A

mo(x)P {1y <77} = mo(y)PY {75 <7, }

> First proof in non-reversible case: [Betz & Le Roux 2016]
Using mo(x) = 1/EX[7]]
> Alternative proof using trace process:

Remark: |4 is invariant by 4P
Take A={x,y}. Then

70(x) = (m0aP) (x)
= 7o ()P { Xz = x} + mo(y )P { Xz = x}

=7T0(X)[1—JP’X{7';r <T;}] +mo(y)PY {7 <Ty+} O
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Good domains
Definition: For Ac X, let
pin(A) = injc ]P’X{Xl € A}

Pout(A) = suEIP’X{Xl e A%}

Ais a good domain if lim Pout(A) _

=0
=0 pin(A)
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Good domains
Definition: For Ac X, let
pn(A) = inf P* (X, € A)
Pout (A) = supP*{X; € A°}

xeA
Ais a good domain if lim Pout(A) =0
e~0 pin(A)
Example:
— = 0O
€ Pin(A) =
53 2 — 2
€ pout(A) =€
@
U A'is a good domain
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Main idea

For a good domain A,

Paca

is well-approximated by P =
'DACA PAc ) PP y (
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Main idea

For a good domain A,

P:( Pa  Paac

AP 0
PACA PAC

is well-approximated by P =
) PP Y (PACA Pac

Norm: |Q[ = sup |Qples = sup [uQl1=sup 3 [Q(x,y)|
Jiploe=1 Jisla=1 xeX yex

Lemma: H'D_’B” :2pout(A) J
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Main idea

For a good domain A,

p_ ( Pa  Paac

PACA PAC

AP 0
PACA PAC

) is well-approximated by P = (

Norm: |Q[ = sup |Qples = sup [uQl1=sup 3 [Q(x,y)|
Jiploe=1 Jisla=1 xeX ye¥

Lemma: ||P = P| = 2pout(A) J

Fact from spectral theory (using complex analysis, Riesz projector):
A simple eigenvalue of P at distance > |P — P| from remaining spectrum
= P has unique eigenvalue at distance O(|P — P||) from A
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Main idea

For a good domain A,

p_ ( Pa  Paac

AP 0
PACA PAC

is well-approximated by P =
) PP Y (PACA Pac

Norm: |Q[ = sup |Qples = sup [uQl1=sup 3 [Q(x,y)|
Jiploe=1 Jisla=1 xeX ye¥

Lemma: ||P = P| = 2pout(A) J

Fact from spectral theory (using complex analysis, Riesz projector):
A simple eigenvalue of P at distance > |P — P| from remaining spectrum
= P has unique eigenvalue at distance O(|P — P||) from A

Consequence: If A€ = {x} then pin(A) =1-P(x,x) =1- X
= 1-2=1-8+0(pout(A)) = (1- Y[ 1+ 0( 22D ]

Example: Ay =1 —¢ perturbs to Ay = 1 —¢ + O(£?)
The argument does not suffice to compare spectra of P4 and 4P
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Laplace transforms
ueC = [EX[e""4] exists for e[ >1-pn(A) (*) |
Follows from PY {7 > n} < (1 - pin(A))" Vy € A€
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Laplace transforms
ueC = [EX[e""4] exists for e[ >1-pn(A) (*) |
Follows from PY {7 > n} < (1 - pin(A))" Vy € A€

Proposition [Feynman—Kac type relation]
Under (x). (PO)(x)= e 6(x) xeAC
P(x) = ¢(x) xeA
admits unique solution ¢(x) = EX[e“™ ¢(X,,)], 7a = inf{n>0: X, € A}
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Laplace transforms
ueC = [EX[e""4] exists for e[ >1-pn(A) (*) |
Follows from PY {7 > n} < (1 - pin(A))" Vy € A€

Proposition [Feynman—Kac type relation]
Under (x). (PO)(x)= e 6(x) xeAC
P(x) = ¢(x) xeA
admits unique solution ¢(x) = EX[e“™ ¢(X,,)], 7a = inf{n>0: X, € A}

Proof: EX[e“™ ¢(X,,)] is solution: clear for x € A.
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Laplace transforms
ueC = [EX[e""4] exists for e[ >1-pn(A) (*) |
Follows from PY {7 > n} < (1 - pin(A))" Vy € A€

Proposition [Feynman—Kac type relation]
Under (+). (PO)(x)= e 6(x) xeAC
¢(x) = d(x) xeA
admits unique solution ¢(x) = EX[e“™ ¢(X,,)], 7a = inf{n>0:X, € A}

Proof: EX[e“™ ¢(X,,)] is solution: clear for x € A. For x ¢ A:

(P3)(x) = 2, P(x,)o(y) = EX[¢(X1)]
= EX[E™ [e"™ 6(Xr) Mixgear] + EX[E [ $(Xr) [l eacy ]
= EX[6(X1) Uxem | + EX[e“CA D 3(Xo) Ui xyencr ]
=e "EX[e" 6(Xs,)]
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Laplace transforms
ueC = [EX[e“A] exists for e[ >1-pin(A) (*) )
Follows from PY {7 > n} < (1 - pin(A))" Vy € A€

Proposition [Feynman—Kac type relation]
Under (+). (PO)(x)= e 6(x) xeAC
¢(x) = d(x) xeA
admits unique solution ¢(x) = EX[e“™ ¢(X,,)], 7a = inf{n>0:X, € A}

Proof: EX[e“™ ¢(X,,)] is solution: clear for x € A. For x ¢ A:

(P3)(x) = 2, P(x,)o(y) = EX[¢(X1)]
= EX[E™ [e"™ 6(Xr) Mixgear] + EX[E [ $(Xr) [l eacy ]
= EX[@(X1) Uixgeay ] + EX[e"TD 6(X0 ) Ui xgency ]
VB (X, )]

Uniqueness: Apply Fredholm alternative to difference of two solutions [
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Laplace transforms

Corollary [Reduction to eigenvalue problem on A]

Under (x), Pp=e"pin X < sP'¢=e"¢inA
where APY(x,y) = E"[e”(ﬂ_l) I x +:y}] is such that 4PY = 4P
TA

Trace process and metastability November 12, 2018

9/25



Laplace transforms

Corollary [Reduction to eigenvalue problem on A]

Under (x), Pp=e"pin X < sP'¢=e"¢inA
where APY(x,y) = Ex[e“(ﬁ\_l) I x +:y}] is such that 4PY = 4P
TA

Proof of =: For x € A
e o(x) = (Po)(x) = E*[¢(X1)]
= EX[¢(X1) Npxeny | + EX[d(X0) Uixeac) ]
= EX[¢(X;;) sy ] + EX[EX [e“74 G(Xe) Mirrs1y]
= EX[¢( X ) rpory ] + EX[e"TA™ 6(Xo) oy ] = (aPY6)(x)
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Laplace transforms

Corollary [Reduction to eigenvalue problem on A]

Under (x), Pp=e"pin X < sP'¢=e"¢inA
where APY(x,y) = Ex[e“(ﬁ\_l) I x +:y}] is such that 4PY = 4P
TA

Proof of =: For x € A
e o(x) = (Po)(x) = E*[¢(X1)]
= EX[¢(X1) Npxeny | + EX[d(X0) Uixeac) ]
= EX[¢(X;;) sy ] + EX[EX [e“74 G(Xe) Mirrs1y]
= EX[¢( X ) rpory ] + EX[e"TA™ 6(Xo) oy ] = (aPY6)(x)

A ,P" depends on u = solve system (4PY¢ = Ap,e™“ = \)
Proposition

|1 - eiu| SUPyca EX[TX B 1] < |1 B eiu|pout(A)
1-[1-e¥|supepc EX[74] ~ pin(A) = [1 -]

|aP" = AP°| <
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Main result — nondegenerate case
Algorithm in nondegenerate case:
> Assume Ix € X such that 1 - P(x,x) > 1-P(y,y) Vy # x
> Take A=X ~\ {x} (Ais a good set)
> Then 11— P has ev 1 - A = P(x,x)[1+ O(pin(A)/pout(A))] R
> Compute 4P and start again with P replaced by 4P
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Main result — nondegenerate case
Algorithm in nondegenerate case:
> Assume Ix € X such that 1 - P(x,x) > 1-P(y,y) Vy # x
> Take A=X ~\ {x} (Ais a good set)
> Then 11— P has ev 1 - A = P(x,x)[1+ O(pin(A)/pout(A))] R
> Compute 4P and start again with P replaced by 4P

Theorem [Baudel & B, 2017]

> Non-degenerate case: 3JA; c Ay c---c A, =X s.t.
#(Aks1 N Ax) =1, each Ay good set for 4, , P
Renumber states s.t. Ax ={1,...,k}. Then

out (Adl Ak
> No=1, A= 1-PUr <rf }[1+0(Beslleite) )] e
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Main result — nondegenerate case
Algorithm in nondegenerate case:
> Assume Ix € X such that 1 - P(x,x) > 1-P(y,y) Vy # x
> Take A=X ~\ {x} (Ais a good set)
> Then 11— P has ev 1 - A = P(x,x)[1+ O(pin(A)/pout(A))] R
> Compute 4P and start again with P replaced by 4P

Theorem [Baudel & B, 2017]

> Non-degenerate case: 3JA; c Ay c---c A, =X s.t.
#(Aks1 N Ax) =1, each Ay good set for 4, , P
Renumber states s.t. Ax ={1,...,k}. Then

out (Adl Ak
> No=1, A= 1-PUr <rf }[1+0(Beslleite) )] e

> kth right eigenvector ¢ close to P*{7y,1 <74, }

> kth left eigenvector 7 close to quasistationary distribution (QSD)
of Py, (left eigenvect of P4, for Perron—Frobenius principal eigenval)

v
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Algorithm in degenerate case

3 €2 O € O
COT=0=0—0——060D
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Algorithm in degenerate case

200 -0
— — —
COT=B=0—0——6D
& &
Degenerate part, leading order: Eigenvalues: 1
€ 1-¢

O_O0+—06 1-2¢

&
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Algorithm in degenerate case

200 -0
— — —
COT=B=0—0——6D
& &
Degenerate part, leading order: Eigenvalues: 1
€ 1-¢

O_O0+—06 1-2¢

&

Effective trace process:

e L
— A
@\_/@v Eigenvalues:
2 1.3
€ 5€

2

Trace process and metastability November 12, 2018 11/25



Algorithm in degenerate case

200 -0
— — —
COT=B=0—0——6D
& &
Degenerate part, leading order: Eigenvalues: 1
€ 1-¢

O_O0+—06 1-2¢

&

Effective trace process:

3 2

/E_\L /8_\ X 2

@\G/@v Eigenvalues: 1-2¢
€ 1.3
2
2 1-3£8
4
Trace on {1,3&4}: @C 1

63

Bl
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2. Continuous-space Markov chains

P{ X1 € AIX :x}:fAkU(x,y)dy J
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Continuous-space Markov chains
(Xn) neny, Markov chain in X' c RY with kernel K

P{ X1 € AlX = x} = Ky (x, A) = fA K, (x,dy)

> Ko(x,A) = lin(x)eay defined by deterministic map IM: X' — &

> For o >0, K, admits continuous density k,
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Continuous-space Markov chains
(Xn) neny, Markov chain in X' c RY with kernel K

P{ X1 € AlX = x} = Ky (x, A) = /A K, (x,dy)
> Ko(x,A) = lin(x)eay defined by deterministic map IM: X' — &
> For o >0, K, admits continuous density k,
Example 1: Randomly perturbed map
Xne1 = (X5) +0&ni1

(&n)ns1 i.i.d. r.v. with density (e.g. o€, Gaussian of variance o?)
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Continuous-space Markov chains
(Xn) neny, Markov chain in X' c RY with kernel K

P{ X1 € AlX = x} = Ky (x, A) = fA K, (x,dy)
> Ko(x,A) = lin(x)eay defined by deterministic map IM: X' — &
> For o > 0, K, admits continuous density k,
Example 1: Randomly perturbed map
Xne1 = (X5) +0&ni1

(&n)ns1 i.i.d. r.v. with density (e.g. o€, Gaussian of variance o?)

Example 2: Random Poincaré map

SDE
dXt = f(Xt)dt"r‘ O'g(Xt)th

X, suitably defined location of nth return to surface of section X c¢ X
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Assumptions

Assumption 1: Deterministic dynamics

M: X — X admits positively invariant compact set Xy ¢ X, finitely many
limit sets in Xp, all hyperbolic fixed points, N of which are stable
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Assumptions

Assumption 1: Deterministic dynamics

M: X — X admits positively invariant compact set Xy ¢ X, finitely many
limit sets in Xp, all hyperbolic fixed points, N of which are stable

Assumption 2: Large-deviation principle

K, satisfies LDP with good rate function | (K,(x,A) ~ e‘i"fA’(X")/"z)
I(x,y) =0 < y=N(x)
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Assumptions

Assumption 1: Deterministic dynamics

M: X — X admits positively invariant compact set Xy ¢ X, finitely many
limit sets in Xp, all hyperbolic fixed points, N of which are stable

Assumption 2: Large-deviation principle

K, satisfies LDP with good rate function | (K,(x,A) ~ e‘i"fA’(X")/"z)
I(x,y) =0 < y=N(x)

Assumption 3: Positive Harris recurrence

In particular EX[7;] < oo for A c Xj of positive Lebesgue measure
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Assumptions

Assumption 1: Deterministic dynamics

M: X — X admits positively invariant compact set Xy ¢ X, finitely many
limit sets in Xp, all hyperbolic fixed points, N of which are stable

Assumption 2: Large-deviation principle

K, satisfies LDP with good rate function | (K,(x,A) ~ e‘i"fA’(X")/"z)
I(x,y) =0 < y=N(x)

Assumption 3: Positive Harris recurrence

In particular EX[7;] < oo for A c Xj of positive Lebesgue measure

Assumption 4: Uniform positivity (Doeblin-type condition)
Vx; stable fixed point, 3B; nbh of x” s.t. k; = Biu-uB kg, satisfies

sup kj'(x,y) < ingé' ki'(x,y) VyeB; for some L€ (1,2), n(o) e N

XGB,’
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Main result
Theorem [Baudel & B, 2017]

> Non-degenerate case (x;,...,xy in metastable order)

o Eigenvalues of K,:

Ao=1
Me=1-PR" (ke <rh M1+0E)]eR  1<k<N
C
Ml <o=1-——— k>N
i< log(o~1)

where 7?5*1 is a certain QSD on By;1 and ¢,6 >0

o kth right eigenfunction ¢ close to P*{7g,,, < TB,u-uB, }
o kth left eigenfunction 74 close to QSD of K(g,u..u8,)e
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Main result
Theorem [Baudel & B, 2017]

> Non-degenerate case (x;,...,xy in metastable order)

o Eigenvalues of K,:

Ao=1
Me=1-PR" (ke <rh M1+0E)]eR  1<k<N
C
Ml <o=1-——— k>N
i< log(o~1)

where 7°r(’)‘+1 is a certain QSD on By;1 and ¢,6 >0

o kth right eigenfunction ¢ close to P*{7g,,, < TB,u-uB, }
o kth left eigenfunction 74 close to QSD of K(g,u..u8,)e

> Degenerate case: similar to finite chain. ..
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Approximation result

Theorem: Approximation by a finite Markov chain [Baudel & B, 2017]
Im(o), (signed) measures p; s.t. pi(Bj) = dj;:
PH{X com € Bj} =P{Y,=j}+0(e?)

Blu ‘UBpy
uniform in n

PX{X com € B} =P{Y,=j}+0( ")+ O(") VxeB

TB u-UBy
where (Y,)nen, Markov chain with matrix

Py =P (X oom € B}[1+ O]

BUUB
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Approximation result

Theorem: Approximation by a finite Markov chain [Baudel & B, 2017]
Im(o), (signed) measures p; s.t. pi(Bj) = dj;:
PH{X com € Bj} =P{Y,=j}+0(e?)

Blu ‘UBpy
uniform in n

PX{X com  €Bj} =P {Y,=j}+0()+0(0"™) VxeB;
J

TB u-UBy
where (Y,)nen, Markov chain with matrix

Py =P (X oom € B}[1+ O]

BUUB

Truncated spectral decomposition of g,..u8, K:
N-1
Ko =M (Bu-ueyK)  NM%(x,dy) = 3 @R (x)m}(dy)
k=0

. B /a2
Pj = 1i(KQ)™b; where 11 = #5'M°, 4y = MP1lg,, [ - gl e0 <&/
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3. FitzHugh—Nagumo equations
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Stochastic FitzHugh—Nagumo equation

1
dxe = =[xt — x,_? +ye]dt neuron membrane potential
€
dy: = [a— x¢ — by ] dt open ion channels
> b =0 for simplicity in this talk, bifurcation parameter § := 3’;—’1

e=0.1
6=0.02
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Stochastic FitzHugh—Nagumo equation

1 o )
dxe = =[xt — xf +ye]dt+ “L th(l) neuron membrane potential
€ €

N

dy: = [a—xt — by;]dt + 02d Wt(z) open ion channels

3a%-1

> b =0 for simplicity in this talk, bifurcation parameter ¢ := =%

> Wt(l), Wt(2): independent Wiener processes

>0<o1,00k<1, 0= O'%-i—o‘%

e=0.1
6=0.02
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Stochastic FitzHugh—Nagumo equation

1 o )
dxe = =[xt — xf +ye]dt+ “L th(l) neuron membrane potential
€ €

N

dy: = [a—xt — by;]dt + 02d Wt(z) open ion channels

3a%-1

> b =0 for simplicity in this talk, bifurcation parameter ¢ := =%

> Wt(l), Wt(Z): independent Wiener processes

>0<o1,00k<1, 0= O'%-i—o‘%

e=0.1
0 =0.02
g1 =02 = 0.03
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Mixed-mode oscillations (MMOs)

25| 25|
20-| 20
154 154
10| 10|
5 5
A Aot 1 Al
v 4 v Wy W

4 o
104 104

T T T T T T T T T - T T T T T T T T T

0 0 B0 20 20 0 w0 40 40 50 S 00 B0 20 20 a0 B0 40 40 500
S 0
25| 25|
20 20
154 151
10| 101
5 5
o] o
S 5
10 101

S 10 0 2o 20 a0  ®0 40 4% s0 0 s 0 150 0 20 w0 30 40 40 50

Time series t — —x; for e =0.01, § =3-1073, o = 1.46 -

Trace process and metastability November 12, 2018

1074,

.,3.65-107*
17/25



Random Poincaré map

nullclines
y
D /
X
separatrix
P
Yo
Y1
pu

Yo, Y1,... substochastic Markov chain describing process killed on 0D
Number of small oscillations: N =inf{n>1:Y, ¢ X}
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Random Poincaré map

nullclines
y
D /
X
separatrix
P
Yo
Y1
>

Yo, Y1,... substochastic Markov chain describing process killed on 0D
Number of small oscillations: N =inf{n>1:Y, ¢ X}

Theorem 1 [B & Landon, 2012]

N is asymptotically geometric: lim P{N =n+1|N>n} =1- )9
where \g € R,: principal eigenvgl_t)lzo of the kernel K, \g<1if >0

Proof: follows from existence of spectral gap [ » Details ]
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Histograms of distribution of N (1000 spikes)
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Weak-noise regime

Theorem 2 [B & Landon, 2012]

Assume ¢ and §/\/z sufficiently small

There exists x> 0 s.t. for 02 < ('/46)?/ log(+/2/9)
> Principal eigenvalue:
1/45 2
€
1- )\0 < eXp{—K,%}
> Expected number of small oscillations:

2
where C(po) = probability of starting on ¥ above separatrix

1/4 512
B9[] > C(uo) ep{s &)
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Weak-noise regime

Theorem 2 [B & Landon, 2012]

Assume ¢ and §/\/z sufficiently small
There exists x> 0 s.t. for 2 < (e1/46)?/log(\/2/6)

> Principal eigenvalue:

(51/45)2
1- )\0 < exp{—/iT}
> Expected number of small oscillations:

1/4 52
B9[] > C(po) oxp =}

where C(po) = probability of starting on ¥ above separatrix

Proof: Let Ac X have positive Lebesgue measure
)\OWO(A):/Zwo(dx)K(x,A)>[Awo(dx)K(x,A) = o> inf K(x, A)
X€

= construct A such that K(x, A) exponentially close to 1 for all x € A
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Dynamics near the separatrix

Change of variables: z
> Translate to Hopf bif. point
> Scale space and time

> Straighten nullcline x =0

= variables (&, z) where nullcline: {z = %} //H

dé; = (%fzt )dt ¢
dz; = (u+2ftzt )dt
where 5
he e
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Dynamics near the separatrix

Change of variables:
> Translate to Hopf bif. point
> Scale space and time

> Straighten nullcline x =0

= variables (&, z) where nullcline: {z = %}

1 i £
dé, = (5 - igf) dt + 51 dwW

dz; = (/]+2ftzt f 4)dt—201§tdW( )+ 6, dW(z)

where 5
~ ~ ~ 01 - (o))}
/L:ﬁ—()'% (J']_:_\/§37/4 Uzzﬁm
Upward drift dominates if ji> > 52 + 55 = (£'/40)? > 02 + 03
Rotation around P: use that 2ze22-2€+1 s constant for ji=c =0
Take A={z> i’} with0<y <]
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From below to above threshold

Linear approximation:

dz0 = (fi+ t20) dt = 51t dW + 5, d WP

_ x Y22
= P{no small osc} ~ ¢(—771/4—\/L) d(x) = —[Oo e\/yg dy

52, =2
0'1+0'2
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From below to above threshold

Linear approximation:
dz0 = (fi+ t20) dt = 51t dW + 5, d WP

, 4 /2
= P{no small osc} ~ ¢(—771/4—L) d(x) = / S

/5242
O'1+0'2

+: P{no small osc}
+ 1/E[N]

or 1-Xg

curve: x = d(ml/4x)

51/4(6—0%/5)

= — ﬁ = —
2 2 2 2
\/01 +65 \/O’l +03

X
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Summary: Parameter regimes

Regime I: rare isolated spikes
Theorem 2 applies (§ <« £%/?)
Interspike interval ~ exponential
Regime Il: clusters of spikes

# interspike osc asympt geometric
o = (6e)1/?: geom(1/2)

Regime Ill: repeated spikes
P{N=1}~1

Interspike interval ~ constant

g1 = 02 1/4 2
]P{N — 1} ~ ¢(_ ()" (0-0 /5))

[oa

¢(X): ;T [; e—y2/2dy

see also
[Muratov & Vanden Eijnden '08]
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Outlook
> Finite X’ case: simple algorithm to obtain eigenvalues and vectors
(complexity O(n?), n=#(X))
> Continuous-space Markov chains: eigen-elements in terms of
committors and QSDs
> Needed: better ways to approximate QSDs and committors
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Proof of asymptotically geometric distribution

Theorem 1 [B & Landon, 2012]

N is asymptotically geometric: lim P{N =n+1|N>n}=1-Xg
n—oo

where \g € (0,1) if 0 > 0 is principal eigenvalue of the kernel K

Proof:
Markov chain on ¥, kernel K with density k [Ben Arous, Kusuoka, Stroock '84]

> Ao <sup K(x,X) <1 by ellipticity (k bounded below)
XeX

> PHre{N > n} =PHr{X, e X} = [ pio(dx)K"(x,X)
=[5 11o(dx) Ao (x)[1 + O((|A1]/X0)")]
= Ag{ko, do)[1+ O((|A1l/20)")]
> Pre{N =n+1} = [; [5 po(dx)K"(x,dy)[1- K(y,X)]
= A5(1 = A0)(po, @) [1 + O((|A1]/A0)")]
> Existence of spectral gap follows from positivity condition [Birkhoff '57]
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