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What is metastabilty?

Supercooled water
(Source: https://youtu.be/fSPzMva9_CE)
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https://youtu.be/fSPzMva9_CE

What is metastabilty?

Ising model with Glauber dynamics at low temperature
(Online: https://youtu.be/_vrtfDcjfxU)
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https://youtu.be/_vrtfDcjfxU

What is metastabilty?
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Particles interacting with a Lennard—Jones potential,
coupled to a thermostat (stochastic differential equation, or SDE)
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1. Metastable Markov chains
on a finite set
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A simple example

Metastable dynamics of Markov processes
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A simple example

1-e3-¢* 1-g2-¢3
et 1-3-¢4 g
/\
50 S BT
0 €
€
g3 2
0<e <emax
1-¢
>e=0: P=Id

> 0 < e <emax: irreducible, aperiodic, not reversible
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A simple example

1-¢3-¢* 1-¢2-¢3
et 1-3-¢4 g
/\
— = —® p=l & 1-&-¢

l1-¢
>e=0: P=Id
> 0 < e <emax: irreducible, aperiodic, not reversible

Stationary distribution:
Speed of convergence to mg?

Eigenvalues of P:
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Main question

How to easily determine leading term of spectral gap 1 — ;7

> Linear algebra/analytic methods (singular perturbation theory), e.g.
[Schweitzer 68, Hassin & Haviv 92, Avrachenkov & Lasserre 99]

> Probabilistic methods, e.g. [Wentzell 72, Freidlin & Wentzell 70s,
Miclo 95, Beltran & Landim 2010, Cameron & Vanden—Eijnden 2014,
Betz & Le Roux 2016, Cameron & Gan 2016]
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I _ .
Some probabilistic tools: O /6_\ Q
> W-graphs GV\/@

83
> Lumping of states c
> Speeding up time e &2
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Main question

How to easily determine leading term of spectral gap 1 — ;7

> Linear algebra/analytic methods (singular perturbation theory),
[Schweitzer 68, Hassin & Haviv 92, Avrachenkov & Lasserre 99]

> Probabilistic methods, e.g. [Wentzell 72, Freidlin & Wentzell 70s,
Miclo 95, Beltran & Landim 2010, Cameron & Vanden—Eijnden 2014
Betz & Le Roux 2016, Cameron & Gan 2016]

I _ .
Some probabilistic tools: O /6_\ Q
> W-graphs GV\/@

> Here: trace process

83
> Lumping of states c
> Speeding up time e &2
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Killed process
X finite, {X;} neny, irreducible aperiodic M.C., transition matrix P, Ac X

> Process killed upon leaving A: Pa(x,y) = P(x,y)(y yen)
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Killed process
X finite, {X;} neny, irreducible aperiodic M.C., transition matrix P, Ac X

> Process killed upon leaving A: Pa(x,y) = P(x,y)(y yen)

54
—— P= 3 1-g2-¢3 &2
ﬂ 0 € l1-¢
1> 52

A={1,2}

O,
O
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Trace process [Landim, Beltran]
X finite, {X;} nen, irreducible aperiodic M.C., transition matrix P, Ac X

> Trace process on A: process monitored only when in A
AP(x,y) =P{Xr =y}, 71a=inf{n>1:X, €A}
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Trace process [Landim, Beltran]
X finite, {X;} nen, irreducible aperiodic M.C., transition matrix P, Ac X

> Trace process on A: process monitored only when in A
AP(x,y) =P{Xr =y}, 71a=inf{n>1:X, €A}

Matrix representation (Schur complement)

p_ ( Pa  Paac

p p ) = AP:PA"‘PAAC[H_PAC]_lPACA
ACA Ac
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Application to the example

P=(PA PAAC) = AP =Pa+Paac[ll— Pac] ' Paca

PACA PAC
4
O /:\;@Q 1-g3-¢* et g3
€ 0 € 1-¢
£ 62
A={1,2}

©,
O
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A nice application of the trace process

Recall: the chain in not assumed to be reversible:
mo(x)P(x,y) # mo(y)P(y,x) in general
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A nice application of the trace process

Recall: the chain in not assumed to be reversible:
mo(x)P(x,y) # mo(y)P(y,x) in general

Proposition: Vx,y € A

mo()P* {7y <7} = mo(y)PV {7 <77}
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A nice application of the trace process

Recall: the chain in not assumed to be reversible:
mo(x)P(x,y) # mo(y)P(y,x) in general

Proposition: Vx,y € A

mo(x)P {1y <77} = mo(y)PY {75 <7, }

> First proof in non-reversible case: [Betz & Le Roux 2016]
Using mo(x) = 1/EX[7]]

> Alternative proof using trace process: [Baudel & B 2017]
Remark: |4 is invariant by 4P
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Good domains
Definition: For Ac X, let
pin(A) = injc ]P’X{Xl € A}

Pout(A) = suEIP’X{Xl e A%}

Ais a good domain if lim Pout(A) =0
=0 pin(A)
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Good domains
Definition: For Ac X, let
pn(A) = inf P* (X, € A)
Pout (A) = supP*{X; € A°}

xeA
. . . 1. Pout A
Ais a good domain if lim Pout(A) _ 0
e-0 pin(A)
Example:
Q— L
— .
\6_3/@
€
53 82
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Main idea

For a good domain A,

Pa  Paac) . ) = AP 0
P = is well-approximated by P =
(PAC A Pac ) PP y (PAC A PAC)
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Main idea

For a good domain A,

P:( Pa  Paac

AP 0
PACA PAC

is well-approximated by P =
) PP Y (PACA Pac

Norm: |Q[ = sup |Qples = sup [uQl1=sup 3 [Q(x,y)|
Jiploe=1 Jisla=1 xeX yex

Lemma: P~ P| = 2pouc(A) |
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Main idea

Fact from spectral theory (using complex analysis, Riesz projector):
A simple eigenvalue of P at distance > |P — P| from remaining spectrum
= P has unique eigenvalue at distance O(|P - P||) from A

Consequence: If A€ = {x} then pin(A) =1-P(x,x) =1-X

= 1-A=1-A+0(pout(A)) = (1- 5‘)[1 + O('ﬁ:t((:‘)))]

Example: Ay = 1—¢ perturbs to Ay = 1 — ¢ + O(£?)
The argument does not suffice to compare spectra of P4 and 4P

1--e3-¢g% 3464 0
P = e3 1-¢3 0
0 15 1-¢
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Laplace transforms
ueC = [EX[e""4] exists for e[ >1-pn(A) (*) |
Follows from PY {7 > n} < (1 - pin(A))" Vy € A€
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Laplace transforms
ueC = [EX[e""4] exists for e[ >1-pn(A) (*) |
Follows from PY {7 > n} < (1 - pin(A))" Vy € A€

Proposition [Feynman—Kac type relation]
Under (x). (PO)(x)= e 6(x) xeAC
P(x) = ¢(x) xeA
admits unique solution ¢(x) = EX[e“™ ¢(X,,)], 7a = inf{n>0: X, € A}

Proof:
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Laplace transforms

Corollary [Reduction to eigenvalue problem on A]

Under (x), Pp=e"pin X < sP'¢=e"¢inA
where APY(x,y) = Ex[e“(ﬂ_l) I x +:y}] is such that 4PY = 4P
TA

Proof of =:
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Laplace transforms
Proposition

|1 —e [ supyen EX[T,X -1] < |1 - e |pout(A)

AP - AP%| < <
| e supycn B 7] < pn(A)—[L-
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Main result — nondegenerate case
Algorithm in nondegenerate case:
> Assume Ix € X such that 1 - P(x,x) > 1-P(y,y) Vy # x
> Take A=X ~\ {x} (Ais a good set)
> Then 11— P has ev 1 - A = P(x,x)[1+ O(pin(A)/pout(A))] R
> Compute 4P and start again with P replaced by 4P
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Main result — nondegenerate case
Algorithm in nondegenerate case:
> Assume Ix € X such that 1 - P(x,x) > 1-P(y,y) Vy # x
> Take A=X ~\ {x} (Ais a good set)
> Then 11— P has ev 1 - A = P(x,x)[1+ O(pin(A)/pout(A))] R
> Compute 4P and start again with P replaced by 4P

Theorem [Baudel & B, 2017]

> Non-degenerate case: 3JA; c Ay c---c A, =X s.t.
#(Aks1 N Ax) =1, each Ay good set for 4, , P
Renumber states s.t. Ax ={1,...,k}. Then

out (Adl Ak
> No=1, A= 1-PUr <rf }[1+0(Beslleite) )] e

Metastable dynamics of Markov processes 20-22 December, 2021 16/55



Main result — nondegenerate case
Algorithm in nondegenerate case:
> Assume Ix € X such that 1 - P(x,x) > 1-P(y,y) Vy # x
> Take A=X ~\ {x} (Ais a good set)
> Then 11— P has ev 1 - A = P(x,x)[1+ O(pin(A)/pout(A))] R
> Compute 4P and start again with P replaced by 4P

Theorem [Baudel & B, 2017]

> Non-degenerate case: 3JA; c Ay c---c A, =X s.t.
#(Aks1 N Ax) =1, each Ay good set for 4, , P
Renumber states s.t. Ax ={1,...,k}. Then

out (Adl Ak
> No=1, A= 1-PUr <rf }[1+0(Beslleite) )] e

> kth right eigenvector ¢ close to P*{7y,1 <74, }

> kth left eigenvector 7 close to quasistationary distribution (QSD)
of Py, (left eigenvect of P4, for Perron—Frobenius principal eigenval)

v
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Algorithm in degenerate case

3 €2 O € O
COT=0=0—0——060D
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Algorithm in degenerate case

200 -0
— — —
COT=B=0—0——6D
& &
Degenerate part, leading order: Eigenvalues: 1
€ 1-¢

O_O0+—06 1-2¢

&

Effective trace process:

3 2

/E_\L /8_\ X 2

@\G/@v Eigenvalues: 1-2¢
€ 1.3
2
2 1-3£8
4
Trace on {1,3&4}: @C 1

63

Bl
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2. Continuous-space Markov chains
and SDEs

IP{X,,+1€A|X,,=X}=[AI<G(x,y) dy J
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Deterministic Poincaré maps

ODE z=f(z) zeR"
Flow: z: = p¢(20)

¥ cR" (n-1)-dimensional manifold

Poincaré map (or first-return map):
T:X->%

T(z) = ¢-(z) where 7 =inf{t > 0:p:(z) e £}
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Deterministic Poincaré maps

ODE z=f(z) zeR"
Flow: z: = p¢(20)

¥ cR" (n-1)-dimensional manifold

Poincaré map (or first-return map):
T:X->%

T(z) = ¢-(z) where 7 =inf{t > 0:p:(z) e £}

Benefits:
1. Dimension reduction: T is an (n— 1)-dimensional map
2. Stability of periodic orbits: no neutral direction

3. Bifurcations of periodic orbits easier to study
(period doubling, Hopf, ...)

Question: how about SDEs dzy = f(z;)dt + og(z:) dW; 7
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Random Poincaré maps
dz; = f(z;)dt +og(z:)dW; = Sample path (Z7°(w))ts0
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Random Poincaré maps
dz; = f(z;)dt +og(z:)dW; = Sample path (Z7°(w))ts0

A 2=XeX = inf{t>0:Zcx}=0
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Random Poincaré maps
dz; = f(z;)dt +og(z:)dW; = Sample path (Z7°(w))ts0

A 2=XeX = inf{t>0:Z°cx}=0
Solution: 7 =0, 7/, = inf{t > 7,: Z° e X'}
Toe1 = inf{t>7! 27 e ¥}
X = Zﬁ:" €Y = (Xy)nsois a Markov chain  K(x,A) :=P*{X; € A}

(Xn,w) = Xne1: random Poincaré map
[J. Weiss, E. Knobloch, 1990], [P. Hitczenko, G. Medvedev, 2009]
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Continuous-space Markov chains
(Xn) neny, Markov chain in X' c RY with kernel K

P{ X1 € AlX = x} = Ky (x, A) = fA K, (x,dy)

> Ko(x,A) = lin(x)eay defined by deterministic map IM: X' — &

> For o >0, K, admits continuous density k,
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Continuous-space Markov chains
(Xn) neny, Markov chain in X' c RY with kernel K

P{ X1 € AlX = x} = Ky (x, A) = /A K, (x,dy)
> Ko(x,A) = lin(x)eay defined by deterministic map IM: X' — &
> For o >0, K, admits continuous density k,
Example 1: Randomly perturbed map
Xne1 = (X5) +0&ni1

(&n)ns1 i.i.d. r.v. with density (e.g. o€, Gaussian of variance o?)
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Continuous-space Markov chains
(Xn) neny, Markov chain in X' c RY with kernel K

P{ X1 € AlX = x} = Ky (x, A) = fA K, (x,dy)
> Ko(x,A) = lin(x)eay defined by deterministic map IM: X' — &
> For o > 0, K, admits continuous density k,
Example 1: Randomly perturbed map
Xne1 = (X5) +0&ni1

(&n)ns1 i.i.d. r.v. with density (e.g. o€, Gaussian of variance o?)

Example 2: Random Poincaré map

SDE
dZi_L = f(Zt) dt + Ug(zt) th

X, suitably defined location of nth return to surface of section X c¢ X
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Assumptions

Assumption 1: Deterministic dynamics

M: X — X admits positively invariant compact set Xy ¢ X, finitely many
limit sets in Xp, all hyperbolic fixed points, N of which are stable
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Assumptions

Assumption 1: Deterministic dynamics

M: X — X admits positively invariant compact set Xy ¢ X, finitely many
limit sets in Xp, all hyperbolic fixed points, N of which are stable

Assumption 2: Large-deviation principle

K, satisfies LDP with good rate function | (K,(x,A) ~ e‘i"fA’(X")/"z)
I(x,y) =0 < y=N(x)
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limit sets in Xp, all hyperbolic fixed points, N of which are stable

Assumption 2: Large-deviation principle

K, satisfies LDP with good rate function | (K,(x,A) ~ e‘i"fA’(X")/"z)
I(x,y) =0 < y=N(x)

Assumption 3: Positive Harris recurrence

In particular EX[7;] < oo for A c Xj of positive Lebesgue measure
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Assumptions

Assumption 1: Deterministic dynamics

M: X — X admits positively invariant compact set Xy ¢ X, finitely many
limit sets in Xp, all hyperbolic fixed points, N of which are stable

Assumption 2: Large-deviation principle

K, satisfies LDP with good rate function | (K,(x,A) ~ e‘i"fA’(X")/"z)
I(x,y) =0 < y=N(x)

Assumption 3: Positive Harris recurrence

In particular EX[7;] < oo for A c Xj of positive Lebesgue measure

Assumption 4: Uniform positivity (Doeblin-type condition)
Vx; stable fixed point, 3B; nbh of x” s.t. k; = Biu-uB kg, satisfies

sup kj'(x,y) < ingé' ki'(x,y) VyeB; for some L€ (1,2), n(o) e N

XGB,’
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Metastable hierarchy (SDE case)
Freidlin-Wentzell theory:
1 /T
Rate function: fo,71(7) = 5 [ (is = F(3)) Tlgg" (3)] ™ (35 = F (7)) ds

Large-deviation principle: ]P){(Zt)ogth € /\} ~ eminfren fio,7)(7)/0

Metastable dynamics of Markov processes 20-22 December, 2021 22/55



Metastable hierarchy (SDE case)
Freidlin-Wentzell theory:
1 T
Rate function: fo,71(7) = 5 [ (is = F(3)) Tlgg" (3)] ™ (35 = F (7)) ds

Large-deviation principle: ]P’{(Zt)ogth € /\} ~ eminfren fio,7)(7)/0

Quasipotential between periodic orbits: H(i,j) = inf inf /o 71(7)
T>0~:—-T; =7
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Metastable hierarchy (SDE case)
Freidlin-Wentzell theory:
1 /T
Rate function: fo,71(7) = 5 [ (is = F(3)) Tlgg" (3)] ™ (35 = F (7)) ds

Large-deviation principle: ]P){(Zt)ogth € /\} ~ eminfren fio,7)(7)/0

Quasipotential between periodic orbits: H(i,j) = inf inf /o 71(7)
T>0~:—-T; =7

Assumption 5: Metastable hierarchy
30>0st. V2<k<N
in H(k.0) <min H(i.J) -
min H(k, £) min (i,j)-¢

J#i
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Metastable hierarchy (SDE case)
Freidlin-Wentzell theory:
1 T
Rate function: Ijo 77(7) = 3 [0 (s — f(%))T[ggT(%)]_l(% - f(vs))ds

Large-deviation principle: ]P){(Zt)ogth € /\} ~ eminfren fio,7)(7)/0

Quasipotential between periodic orbits: H(i,j) = inf inf /o 71(7)
T>0~:—-T; =7

Assumption 5: Metastable hierarchy
30>0st. V2<k<N
in H(k.0) <min H(i.J) -
min H(k, £) min (i,j)-¢

J#i

Remark: Using Doob’s h-transform, one may replace Assumption 3 by
Assumption 3": Confinement
36" > 0 such that min H(i,0D) > max H(i,j) + 6’

i i#]
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Main result
Theorem [Baudel & B, 2017]

> Non-degenerate case (x;,...,xy in metastable order)

o Eigenvalues of K,:

Ao=1
Me=1-PR" kg <rh M140ET)]eR  1<k<N
C
Ml <o=1-——— k>N
i< log(o~1)

where 7°r(’,‘+1 is a certain QSD on By;1 and ¢,6 >0

o kth right eigenfunction ¢ close to P*{7g,,, < TB,u-uB, }
o kth left eigenfunction 74 close to QSD of K(g,u..u8,)e
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Main result
Theorem [Baudel & B, 2017]

> Non-degenerate case (x;,...,xy in metastable order)

o Eigenvalues of K,:

Ao=1
Me=1-PR" (ke <rh M1+0E)]eR  1<k<N
C
Ml <o=1-——— k>N
i< log(o~1)

where 7°r(’)‘+1 is a certain QSD on By;1 and ¢,6 >0

o kth right eigenfunction ¢ close to P*{7g,,, < TB,u-uB, }
o kth left eigenfunction 74 close to QSD of K(g,u..u8,)e

> Expected hitting times:
2
EX[78y0-08,] = [1=A] 1+ 0(e™/77)] Vx € Biy1, 1<k<N-1

> Degenerate case: similar to finite chain. ..
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3. FitzHugh—Nagumo equations
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Stochastic FitzHugh—Nagumo equation

1
dxe = =[xt — x,_? +ye]dt neuron membrane potential
€
dy: = [a— x¢ — by ] dt open ion channels
> b =0 for simplicity in this talk, bifurcation parameter § := 3’;—’1

e=0.1
6=0.02
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Stochastic FitzHugh—Nagumo equation

1 o )
dxe = =[xt — xf +ye]dt+ “L th(l) neuron membrane potential
€ €

N

dy: = [a—xt — by;]dt + 02d Wt(z) open ion channels

3a%-1

> b =0 for simplicity in this talk, bifurcation parameter ¢ := =%

> Wt(l), Wt(2): independent Wiener processes

>0<o1,00k<1, 0= O'%-i—o‘%

e=0.1
6=0.02
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Stochastic FitzHugh—Nagumo equation

1 o )
dxe = =[xt — xf +ye]dt+ “L th(l) neuron membrane potential
€ €

N

dy: = [a—xt — by;]dt + 02d Wt(z) open ion channels

3a%-1

> b =0 for simplicity in this talk, bifurcation parameter ¢ := =%

> Wt(l), Wt(Z): independent Wiener processes

>0<o1,00k<1, 0= O'%-i—o‘%

e=0.1
0 =0.02
g1 =02 = 0.03
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Mixed-mode oscillations (MMOs)

25| 25|
20-| 20
154 154
10| 10|
5 5
A Aot 1 Al
v 4 v Wy W

4 o
104 104

T T T T T T T T T - T T T T T T T T T

0 0 B0 20 20 0 w0 40 40 50 S 00 B0 20 20 a0 B0 40 40 500
S 0
25| 25|
20 20
154 151
10| 101
5 5
o] o
S 5
10 101

S 10 0 2o 20 a0  ®0 40 4% s0 0 s 0 150 0 20 w0 30 40 40 50

Time series t — —x; for e =0.01, § =3-1073, 0 =1.46-107%,...,3.65-107*
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Random Poincaré map

nullclines
y
D
X
separatrix
P
Yo
Y1
pu

Yo, Y1,... substochastic Markov chain describing process killed on 0D
Number of small oscillations: N =inf{n>1:Y, ¢ X}
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Random Poincaré map

nullclines
y
D /
X
separatrix
P
Yo
Y1
>

Yo, Y1,... substochastic Markov chain describing process killed on 0D
Number of small oscillations: N =inf{n>1:Y, ¢ X}

Theorem 1 [B & Landon, 2012]

N is asymptotically geometric: lim P{N =n+1|N>n} =1- )9
n—oo

where \g € R,: principal eigenvalue of the kernel K, \g <1 if >0
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Random Poincaré map

Theorem 1 [B & Landon, 2012]

N is asymptotically geometric: lim P{N =n+1|N>n} =1-Xg
n—oo

where \g € R, : principal eigenvalue of the kernel K, \g<1if 0 >0

Proof:
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Histograms of distribution of N (1000 spikes)
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Weak-noise regime

Theorem 2 [B & Landon, 2012]

Assume ¢ and §/\/z sufficiently small
There exists x> 0 s.t. for 02 < ('/46)?/ log(+/2/9)

> Principal eigenvalue:

(51/45)2
1- )\0 < eXp{—K,T}
> Expected number of small oscillations:

1/4 512
B9[] > C(uo) ep{s &)

where C(po) = probability of starting on ¥ above separatrix

Proof:

Metastable dynamics of Markov processes 20-22 December, 2021
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Dynamics near the separatrix

Change of variables: z
> Translate to Hopf bif. point
> Scale space and time

> Straighten nullcline x =0

= variables (&, z) where nullcline: {z = %} //H

1 g
dgt = (— —Zt ) dt
2
dZt: (,u+2ftzt )dt
where
)
p=—
Ve
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30/55



Dynamics near the separatrix

Change of variables:
> Translate to Hopf bif. point
> Scale space and time

> Straighten nullcline x =0

= variables (&, z) where nullcline: {z = %}

1 i £
dé, = (5 - igf) dt + 51 dwW

dz; = (/]+2ftzt f 4)dt—201§tdW( )+ 6, dW(z)

where 5
~ ~ ~ 01 - (o))}
/L:ﬁ—()'% (J']_:_\/§37/4 Uzzﬁm
Upward drift dominates if ji> > 52 + 55 = (£'/40)? > 02 + 03
Rotation around P: use that 2ze22-2€+1 s constant for ji=c =0
Take A={z> i’} with0<y <]
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From below to above threshold
Linear approximation:
dz0 = (fi+ t20) dt = 51t dW + 5, d WP

€

-y2/2
d
2 Y

= P{no small osc} ~ ¢(—W1/4_\/L) ®(x) = _[:o

52, =2
0'1+0'2
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From below to above threshold

Linear approximation:
dz0 = (fi+ t20) dt = 51t dW + 5, d WP

, 4 /2
= P{no small osc} ~ ¢(—771/4—L) d(x) = / S

/5242
O'1+0'2

+: P{no small osc}
+ 1/E[N]

or 1-Xg

curve: x = d(ml/4x)

i _51/4(6—0%/5)

— 123
2 2 2 2
\/01 +65 \/O’l +03

X
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Summary: Parameter regimes

g1 = 02 1/4 2
]P{N — 1} ~ ¢(_ ()" (0-0 /5))

[oa

CD(X): ;T [; e—y2/2dy

see also
[Muratov & Vanden Eijnden '08]

Regime I: rare isolated spikes

Theorem 2 applies (§ <« £%/?)

Interspike interval ~ exponential

Regime Il: clusters of spikes

# interspike osc asympt geometric /J MJ
o = (6e)1/?: geom(1/2)

Regime Ill: repeated spikes
Interspike interval ~ constant
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4. The case of reversible SDEs:
The potential-theoretic approach

Mont

Col de Sugiton

Luminy %/ Calanque de Sugiton
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Reversible diffusion in a double-well

Mont

dXt:—VV(Xt)dt‘l‘\/%th J

-\_Col de Sugiton

V :R? - R confining potential

7 =inf{t > 0:x; € B-(y)}
first-hitting time of small ball B.(y),
when starting in x

Lugxiny %/ Calanque de Sugiton
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Reversible diffusion in a double-well

Mont

dXt:—VV(Xt)dt‘l‘\/%th J

-\_Col de Sugiton

V :R? - R confining potential

7 =inf{t > 0:x; € B-(y)}
first-hitting time of small ball B.(y),
when starting in x

Arrhenius’ law (1889): E[T;f] v elV(2)-V()l/e
Eyring—Kramers law (1935, 1940):

Eigenvalues of Hessian of V' at minimum x: 0 <1 <o <<y
Eigenvalues of Hessian of V at saddle z: A\; <0< A<= < Ay

E[ry] = 2m\ [ paedd- el VOV 4 0 (1)]

Lugxiny 4 Calanque de Sugiton
y
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Reversible diffusion in a double-well

Mont

dXt:—VV(Xt)dt‘l‘\/%th J

-\_Col de Sugiton

V :R? - R confining potential

7 =inf{t > 0:x; € B-(y)}
first-hitting time of small ball B.(y),
when starting in x

Arrhenius’ law (1889): E[T;f] v elV(2)-V()l/e
Eyring—Kramers law (1935, 1940):

Eigenvalues of Hessian of V' at minimum x: 0 <1 <o <<y
Eigenvalues of Hessian of V at saddle z: A\; <0< A<= < Ay

E[ry] = 2m\ [ paedd- el VOV 4 0 (1)]

Arrhenius’ law: proved by [Freidlin, Wentzell, 1979] using large deviations

Lugxiny 4 Calanque de Sugiton
y

Eyring—Kramers law: [Bovier, Eckhoff, Gayrard, Klein, 2004] using potential theory,
[Helffer, Klein, Nier, 2004] using Witten Laplacian, ...
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Potential-theoretic proof

dXt:_VV(Xt)dt'F\/%th J

> Generator: L=eA-VV.-V=ceVfy.eViey
> Invariant probability: 7(dx) = %e_v(x)/a dx = [ir=0
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Potential-theoretic proof

dXt:_VV(Xt)dt'F\/%th J

> Generator: L=eA-VV.-V=ceVfy.eViey
> Invariant probability: 7(dx) = %e_v(x)/a dx = [ir=0

> Reversible: (f,Lg) = (Lf,g) for (f,g) = fRd e VI F(x)g(x) dx

> Dirichlet form: 5(f)=(f,—£f)=5[Rd e VOLe |y £ (x)[2 dx
E(f.g)=(f,-Lg)

Metastable dynamics of Markov processes 20-22 December, 2021 35/55



Expected hitting time
> Expected hitting time:

wa(x) = EX[7a] satisfies {(EWA)(X) =-1 xeA°

wa(x) =0 xeA
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Expected hitting time
> Expected hitting time:

wa(x) = EX[7a] satisfies {(EWA)(X) =-1

wa(x) =0

(LGa)(x) =d(x-y) xeA°

> Green function:
{GA(x,y):O xeA

= wa() =~ [ Gatxy)(dy)

Metastable dynamics of Markov processes 20-22 December, 2021
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Committor

> Committor:
(Lhag)(x) =0 xe(AuB)*©

hag(x) =P*{7a <7} satisfies < hag(x)=1 xeA
hAB(X) =0 xeB

> Equilibrium measure: eag(dx) = (~Lhag)(dx) measure on x € A

= hAB(X):_[qGB(X=Y)eAB(dY)
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Capacity
Capacity: cap(A, B) = /<9A e V% e4p(dx)

= vag(dx) = cap(lA,B) e”V)/2 e45(dx) is a probability measure on JA
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Capacity
Capacity: cap(A,B) = /aA e VI exp(dx)

= vag(dx) = cap(lA,B) e”V)/2 e45(dx) is a probability measure on JA

Theorem (“Magic” formula):

v x _ ~V(x)/e
AB = =
E"®[1g] : faAE [T8]vag(dx) (A B) f e hag(x) dx
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Dirichlet principle

Theorem: Dirichlet principle
Let Hap = {h:RY > [0,1]:h|a = 1, h|z = 0}. Then

cap(A, B) = hEiQ[EB £(h) = &(hag)

Metastable dynamics of Markov processes 20-22 December, 2021
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Thomson principle

Theorem: Thomson principle [Landim, Mariani, Seo 2018]
Let Unp = {F:V - fliavs)e = 0, [ya F(X) - na(x)o(dx) = 1}. Then

1 1
cap(A,B) = sup =
( ) felap D(f) D(fAB)

D(f):lfe‘“x)/ﬂf(x)ﬁdx
&
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Proof of Eyring—Kramers law

dth—VV(Xt)dt-i-\/%th J

> A, B small balls around x, y
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A particle system

[B, Fernandez, Gentz, Nonlinearity 2007]

N particles on a circle Z/NZ @ @ @

>
> Bistable local dynamics @ @
>
>

Ferromagnetic nearest neighbour coupling

Independent noise on each site @ @ @

dx! = [ —(x!) ]dt+ ['+1 2x! + xi™ ]dt+\/£thi
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A particle system

[B, Fernandez, Gentz, Nonlinearity 2007]

N particles on a circle Z/NZ @ @ @

>
> Bistable local dynamics @ @
>
>

Ferromagnetic nearest neighbour coupling

Independent noise on each site @ @ @

dx! = [ —(xh ]dt+ ['+1 2x! + xi™ ]dt+\/£thi

Gradient system dx; = -V V(xt) dt +2edW,
potential V(x) =Y U(x') + % M (x - x")? U(g) =16 - %52
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Coarsening dynamics with noise

(Link to simulation)
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https://youtu.be/d1eTOqHX8OQ

5. The stochastic Allen—Cahn PDEs
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Deterministic Allen—Cahn PDE
[Chafee & Infante 74, Allen & Cahn 75]
Oru(t,x) = Au(t,x) + f(u(t,x)) J

> x € [0, L], L: bifurcation parameter
> u(t,x)eR
> Either periodic or zero-flux Neumann boundary conditions

> In this talk: f(u) = u—u® (results more general)
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Deterministic Allen—Cahn PDE

[Chafee & Infante 74, Allen & Cahn 75]
Oru(t,x) = Au(t,x) + f(u(t,x)) ]

> x € [0, L], L: bifurcation parameter
> u(t,x)eR
> Either periodic or zero-flux Neumann boundary conditions

> In this talk: f(u) = u—u® (results more general)

Energy function:
Viul= [ G0 (0?-5u(0?+ Jut0)f]dx — min

Scaling limit of particle system with ~ = 2’2’—22

Stationary solutions: uf (x) = —up(x) + ug(x)3 critical points of V

Stability: Sturm—Liouville problem 9;v(x) = v{'(x) + [1 - 3ug(x)?]ve(x)
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Stationary solutions

ug (x) = =f(uo(x)) = —uo(x) + o(x)°

H=3(u)?+ 3 - Lut

> ou(x) =+l

> up(x) =0
> Nonconstant solutions satisfying b.c.

(expressible in terms of Jacobi elliptic fcts)
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Stationary solutions

ug (x) = =f(uo(x)) = —uo(x) + o(x)°

> ou(x) =+l

H=3(u)?+ 3 - Lut

= T

> up(x) =0
> Nonconstant solutions satisfying b.c.
(expressible in terms of Jacobi elliptic fcts)

Neumann b.c: 2k nonconstant solutions when L > k7

v

lah\
S

Number of positive
eigenvalues 1

(= unstable directions)
Transition state 1 2

;
WS &</

> Periodic b.c: k families when L > 2k
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Eyring—Kramers law for 1D SPDEs: heuristics
deu(t,x) = Au(t,x) + f(u(t,x)) +/2c&(t,x) (f(u)=u-u?) |

Initial condition: w;, near u_ = -1 with eigenvalues vy = (#)2 +2
Target: uy =1, 74 =inf{t>0: |up — us |1 < p}
Transition state: (=1 for Neumann b.c., 5 =2 for periodic b.c.)

e (x) = up(x) =0 if L<Pm  with ev /\k—(ﬁ )2 -1
h u1(x) B-kink stationary sol. if L> 7 with ev A},
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Eyring—Kramers law for 1D SPDEs: heuristics
deu(t,x) = Au(t,x) + f(u(t,x)) +/2c&(t,x) (f(u)=u-u?) |

Initial condition: w;, near u_ = -1 with eigenvalues vy = (#)2 +2
Target: uy =1, 74 =inf{t>0: |up — us |1 < p}
Transition state: (=1 for Neumann b.c., 5 =2 for periodic b.c.)

() = up(x)=0 if L<Am  with ev /\k—(ﬁ )2 -1
h u1(x) B-kink stationary sol. if L> 7 with ev A},

[Faris & Jona-Lasinio 82]: large-deviation principle
= Arrhenius law: EYn[7,] ~ e(V[us]-V[u-])/e

[Maier & Stein 01]: formal computation; for Neumann b.c.

= B lr ] = 2\ /i T2y g eIl VLD
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Eyring—Kramers law for 1D SPDEs: main result

Theorem: Neumann b.c. [B & Gentz, 2013]
> If L<7—c with ¢ >0, then

1 Ak VIsal-VIu-D/e[1 4 O(H2)l0g 2H2)]

[Aolvo i v _

error not optimal
> If L> 7+ c, then same formula with extra factor § (since 2 saddles)
and A} instead of A\

EUin |:7—+:| = 27T
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Eyring—Kramers law for 1D SPDEs: main result

Theorem: Neumann b.c. [B & Gentz, 2013]
> If L<7—c with ¢ >0, then

Ebn[r,] = 2y | — Ak VI -VI-DIe[1 1 0(42)l0g 2/2)]
|)\0|V0 k=1 Vi [ S —

error not optimal
> If L >+ c, then same formula with extra factor % (since 2 saddles)
and A} instead of A\

> Results also for L near m and periodic b.c.

> Prefactor involves a Fredholm determinant:
A, Laplacian acting on mean zero functions

= A
125 =det[(-A, - 1)(-A, +2)7!] = det[1 - 3(-A, +2)7]
k=1 Vk

converges because logdet = Trlog and (A, +2)7! is trace class

.. /2sin(L)
(Timit = sinh(\/EL))
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Ideas of the proof (L <)

> Spectral Galerkin approximation: u(t,x) = Y zc(t)ex(x) (Fourier)
|k|<N
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Ideas of the proof (L <)

> Spectral Galerkin approximation: u(t,x) = Y zc(t)ex(x) (Fourier)
|k|<N

L
> Change of variables u(x) = ug + v/eu, (x) where /0 u (x)dx=0

V[ +v/Eur] = 2508 - 368) + Quolus] + VERu[u]

where Vo(uo)
Quo Uy :2/ ul(x) -(1- 3u0)ul(x) ]dx— (ul,[ A-(1- 3uo)]ul)
RUO[UL]:uof u, (x)3 dx+\/_f u (x)*dx (remainder)
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Ideas of the proof (L <)

> Spectral Galerkin approximation: u(t,x) = Y zc(t)ex(x) (Fourier)
|k|<N

L
> Change of variables u(x) = ug + v/eu, (x) where /0 u (x)dx=0

LW+ vEu] = L(5u8 - §d) + Quolun] + VER[ui]
where Vo(uo)
Quo Uy :2/ ul(x) -(1- 3u0)ul(x) ]dx— (ul,[ A-(1- 3u0)]ul)
RUO[UL]:uof u, (x)3 dx+\/_f u (x)*dx (remainder)

> Dirichlet principle with h = h(ug) s.t. ' (up) = —%e‘/o(UO)/Ev cx ﬁ

1+ 1
cap(A,B) <E(h) = 5 [ eVolw)le [eQulnd ViRl du, dug
C —

_ (27")N -VeRy,
T\ det-a-(1-32)] Evle 0]
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Ideas of the proof (L <)
> Thomson principle with divergence-free unit flow f = K1 e~ Qolu.] €uo

Normalisation K = 5% [e‘QO[ui]dul = —defsz)ﬁl]
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Ideas of the proof (L <)
> Thomson principle with divergence-free unit flow f = K1 e~ Qolu.] €uo

Normalisation K = g% [e‘QO[“i]clul = —det([2—ﬂ£)ll\i1]

1
cap(A, B) 1< D(h) = %fl evo(uo>/sfe—ao 9@ gy du
8 —

=KE"[eQ0~Q0~v=Rup ]
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Ideas of the proof (L <)
> Thomson principle with divergence-free unit flow f = K1 e~ Qolu.] €uo

Normalisation K = g% [e‘QO[“i]clul = —det([2—ﬂ£)ll\i1]

1
cap(A, B) 1< D(h) = %fl evo(uo>/sfe—ao 9@ gy du
8 —

=KE"[eQ0~Q0~v=Rup ]

> Conclusion: cap(A, B) = e/ 22 (2”8) [1+0(e)]

27e det
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Ideas of the proof (L <)

> Thomson principle with divergence-free unit flow f = K1 e~ Qolu.] €uo

Normalisation K =2 [e“;’o[ui]dul = —det([2—w2l\11]

1
cap(A, B) 1< D(h) = %fl evo(uo>/efe—cao 9@ gy du
6 —

=KE"[eQ0~Q0~v=Rup ]

> Conclusion: cap(A, B) —5\/‘2);38 det(zﬂzi 1 [1+0(e)]

Other elements of the proof:
> A priori bounds on hag: large deviations (or symmetry argument)
> Convergence of hitting times as N — co: a priori estimate for E[Té]
> Coupling argument for start in vy, [Martinelli, Olivieri & Scoppola]
> Bifurcation at L = A7
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The two-dimensional case
Ot = Au+u— 1 ++/2¢¢ (Link to simulation)
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https://youtu.be/TR2plL1HfgQ

The two-dimensional case

> Large-deviation principle: [Hairer & Weber, 2015]
> Naive computation of prefactor fails:

1- () 312
|Og H % ~ Z |Og(1— |k|2ﬂ'2)

ke(N2)* 1+ 2(%) ke(N2)*

~

e = -

312 312 foo rdr
1

2
ke(N2)* r
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The two-dimensional case

> Large-deviation principle: [Hairer & Weber, 2015]
> Naive computation of prefactor fails:

g [] 1_(:'”)22& 5 Iog(l 3L2)

ke(N2)* 1+2(ﬁ) ke(N2)* k|22

ke(N2)* | k|72 s

312 312 /oo rdr
1

> In fact, the equation needs to be renormalised

Theorem: [Da Prato & Debussche 2003]
Let €2 be a mollification on scale § of white noise. Then

Oru=Au+ [1 +35C((3)]u— ud + /280

with C(0) =~ log(4~*) admits local solution converging as § — 0
(Global version: [Mourrat & Weber 2015])

[Mourrat & Weber 2014]: Renormalised eq = scaling limit of Ising—Kac model

Metastable dynamics of Markov processes 20-22 December, 2021
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Main result in dimension 2

Theorem: [B, Di Gesui, Weber, 2017]
For L < 27, appropriate A> u_, B 3 uy, Iy probability measures on JA:

N—oco

lim sup]E’“V 7'5
|>\0|\

[ P 50 evimad-visDre[ 4 ¢, 2]
kez2 Vk

N—oo

||m|nf]E""’ TB
|)\o|\

M e% e(V[”“S]_V[”‘D/E[l - c_s]
kez2 Vk
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Main result in dimension 2

Theorem: [B, Di Gesui, Weber, 2017]
For L < 27, appropriate A> u_, B 3 uy, Iy probability measures on JA:

[N
||msupIE‘“V TB H Me \kmk e(V[uts]—V[U—])/E[l n C+\/E]
N— oo |)\O|\ ke72 Vi

M e% e(V[““S]_V[”‘D/E[l - c_s]
kez2 Vk

||m|nf]E“"’ TB
|)\o|\

N—oco

> Inverse of prefactor involves Carleman—Fredholm determinant:
dety(1+ T) =det(1+ T)e "7
with T=3(-A, -1)7!
dety defined whenever T is only Hilbert—Schmidt (true for d < 3)
> [Tsatsoulis & Weber 2018]: Same result for E“°[75]
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Renormalisation
Problem: Stoch. convolution w;(x) = foteA(t_s) (s, x)ds is distribution
> d-mollification should be equivalent to Galerkin approx. [k| < N = §71:
wy(x, t) = > ak(t)l el Sthex ay = /Ote_“k(t_s)dWS(k)

|k|<N L
= (QK)?  Q=pr/L
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Renormalisation

t
Problem: Stoch. convolution w;(x) = [0 e2(t79) ¢(s, x) ds is distribution

> d-mollification should be equivalent to Galerkin approx. [k| < N = §71:

1 . t

wy(x,t) = 3 ak(t) ] e ak=f e (=) du/ )
|k|<N 0

p= (UKD2 Q= Bl

t
> lim (A D) ¢ (s, x) ds = ¢y is a Gaussian free field, s.t.

t—o0 JO

v _ -1
L2C = LB = Blon|2 = Y spiegy = TR o log ()
|k|<N
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Renormalisation
Problem: Stoch. convolution w;(x) = foteA(t_s) (s, x)ds is distribution
> d-mollification should be equivalent to Galerkin approx. [k| < N = §71:
wy(x,t) = |k|§/\/ ak(t)% el Sthex ay = /Ote_“k(t_s) dwo)

o= (QUK? Q= Br/L

t
> lim (A D) ¢ (s, x) ds = ¢y is a Gaussian free field, s.t.

t—o0 JO
v _ -1
L2C = LB = Blon|2 = Y spiegy = TR o log ()
|k|<N
> Wick powers
:(b%vz = ¢%V - Cy

1on = by —3Chow
(g = o - 6Cndy +3Cy
have zero mean and uniformly bounded variance (when integrated)
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Computation of the prefactor

> Consider for simplicity L < 37 = transition state in 0

> Galerkin-truncated renormalised potential
1

V=3 [lIvan() - an(x) ]dx+%fT2:uN(X)4:dx
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Computation of the prefactor

> Consider for simplicity L < 37 = transition state in 0

> Galerkin-truncated renormalised potential

1 1 .
Vv =3 [IIVuN(X)II - un(x) ]dX+ZfT2.uN(X) :dx
> Using Nelson estimate: cap(A, B) ~ %
0<|k|<N

v

Symmetry argument:

vt 1 [ vt 1
/BC hap(z)e M )/Edz:ife Vi )/Edz:EZN(a)

> Zy(e) 22 [T /2= e WD where —Viy(L,0) = 12+ 317 Cye
|k|<N
> Prefactor proportional to (since vy = A\g +3)

A 3/ . Y 3/>\k _ 1
H o3e converges since log Toa3e =0 kA
0<|k|<N
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