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Example 1: Iterated maps with additive noise

Xns1 = I_I()<n) +0&n+1

> M:RY - R map with N stable fixed points X1 5o X
> &, iid random variables, e.g. Gaussian

> 0 <o« 1 noise level
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> M:RY - R map with N stable fixed points X1 5o X
> &, iid random variables, e.g. Gaussian
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Can (X, )n0 be approximated by a Markov chain on {1,... N}?
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Example 1: Iterated maps with additive noise
Xns1 = I_I()<n) +0&n+1
> M:RY - R map with N stable fixed points X1 5o X

> &, iid random variables, e.g. Gaussian

> 0 <o« 1 noise level

Question:
Can (X, )n0 be approximated by a Markov chain on {1,... N}?

Difficult because
> Time scales can be exponentially different

> Transition probabilities can be exponentially different
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Example 2: Random Poincaré maps
dz; = f(z)dt +og(z)dW; = Sample path (Z?°(w))ts0
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Example 2: Random Poincaré maps
dz; = f(z)dt +og(z)dW; = Sample path (Z?°(w))ts0

A Z=XeY = inf{t>0:20ecx1=0
t
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Example 2: Random Poincaré maps
dz; = f(z)dt +og(z)dW; = Sample path (Z?°(w))ts0

A 7=Xer = inf{t>0:2 cx}=0
Solution: 79 =0, 7/, = inf{t > 7,: 2% e ¥}
Tpe1 = inf{t > 7] 4 ZX0 €Y}

X = ZT):(’ €Y = (Xy)ns0is a Markov chain  K(x,A) :=P*{X; € A}

(Xn,w) = Xpe1: random Poincaré map
[J. Weiss, E. Knobloch, 1990], [P. Hitczenko, G. Medvedev, 2009]
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Continuous-space Markov chains
(X)) ns0 Markov chain on 25 c RY, of kernel

Ky (x, A) = P{Xpe1 € AlXp = x} = /A k(x,y)dy  (0>0)
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Continuous-space Markov chains
(X)) ns0 Markov chain on 25 c RY, of kernel

Ko(x,A) = P(Xn1 € AXo =X} = [ ko(x,y)dy  (0>0)
Markov semigroups:

(Krp)() = [, kel dy =E[p(X)]  pel™

WK = [, mOko(xy)dx=B*{Xedy}  pel!
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Continuous-space Markov chains
(X)) ns0 Markov chain on 25 c RY, of kernel

Ko(x,A) = P(Xn1 € AXo =X} = [ ko(x,y)dy  (0>0)
Markov semigroups:
(Kop)(x) = fx ks (X, ¥)p(y) dy = E*[p(X1)] pel™
0
WKDW) = [, n(ka(xy)dx=Pr Xy edy}  pel!
0
> First-passage time: 74 = inf{n>0:X, € A}

> Return time: 7, = T;’l =inf{n>1: X, € A}

> nth return time: 7, = inf{n > T;’"_I:X,, €A}

Aim:
Describe ]P’X{XT;/,; € Bj} where B; neighbourhood of x and .7 = | B;
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Related work

> [Freidlin & Wentzell '69-'70]: W-graphs
applications to exit problem, invariant measure, ...
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Assumption 1: Deterministic limit

Deterministic limit: X,.1 = [1(X,)
> (Kop)(x) = (poM)(x) (Koopman operator)

> (1Ko)(A) = n(N71(A))
(pushforward, transfer or Ruelle-Perron—Frobenius operator)
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Assumption 1: Deterministic limit

Deterministic limit: X,.1 = [1(X,)
> (Kop)(x) = (poM)(x) (Koopman operator)

> (ko) (A) = u(N71(A))
(pushforward, transfer or Ruelle-Perron—Frobenius operator)

Assumption 1:

3 bounded, open 2" € 2y, s.t. (27) c 2
I has finitely many «/w-limit sets in 2"

> x{,...xy asympt. stable fixed points

> others are unstable fixed points
> Bj: neighbourhood of x, M(B;) c B;

N
> Metastable set: .# = |_J B;
i-1
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Assumption 2: Large-deviation principle

Assumption 2:
K, satisfies an LDP with good rate function /:

lim i(r)]fa2 log K, (x,0) > - in(g 1(x,y) O c Zp open
o— ye

limsup o2 log K, (x, C) < - ingl(x,y) C c Zp closed
-0 Y&

I(x,y) =0< y=T1(x), I continuous at x* if M(x*) = x*
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K, satisfies an LDP with good rate function /:

lim i(r)]fa2 log K, (x,0) > - in(g 1(x,y) O c Zp open
o— ye

limsup o2 log K, (x, C) < - ingl(x,y) C c Zp closed
-0 Y&
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> True in Example 2, and in Example 1 if £, satisfy an LDP
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Assumption 2: Large-deviation principle

Assumption 2:
K, satisfies an LDP with good rate function /:

lim i(r)]fa2 log K, (x,0) > - in(g 1(x,y) O c Zp open
o— ye

limsup o2 log K, (x, C) < - ingl(x,y) C c Zp closed
-0 Y&

I(x,y) =0< y=T1(x), I continuous at x* if M(x*) = x*

> True in Example 2, and in Example 1 if £, satisfy an LDP
> Quasipotential:
H(i,j) =inf inf [/(X,-*7X1) +1(x1,x0) + -+ /(Xn_l,xj*]
n>1X1,...,.Xn-1
Then Vn >0, d09,d0 >0, s.t.
~[H(ij)+n]/o? X{o+ + -[H(ij)-nl/o?
e S]P) {TBj<TBi}<e

for x € B,‘, if o< 0o, diam(B,-) < 50.
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Assumption 3: Positive Harris recurrence

Assumption 3:

For 0 > 0, K, has positive density, bdd below

K, is positive Harris recurrent, in particular Ey (o) = sup EX[7,,] < o0
xeZ
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Assumption 3: Positive Harris recurrence

Assumption 3:

For 0 > 0, K, has positive density, bdd below

K, is positive Harris recurrent, in particular Ey (o) = sup EX[7,,] < o0
xeZ

> Harris recurrent means P*{7, < oo} =1 if Leb(A) >0
Then 3 invariant measure g
Positive Harris recurrent means mq is normalisable
Then EX[74] < 00 Vx € A.
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Assumption 3: Positive Harris recurrence

Assumption 3:

For 0 > 0, K, has positive density, bdd below

K, is positive Harris recurrent, in particular Ey (o) = sup EX[7,,] < o0
xeZ

> Harris recurrent means P*{7, < oo} =1 if Leb(A) >0
Then 3 invariant measure g
Positive Harris recurrent means mq is normalisable
Then EX[74] < 00 Vx € A.

> [Meyn & Tweedie '92]: Positive Harris rec. if 3 Lyapunov fct U s.t.
(K;U)(x) <U(x) —e+alyeqy, €>0

Approximating metastable continuous-space Markov chains 21 August 2024 7/14



Assumption 3: Positive Harris recurrence

Assumption 3:

For 0 > 0, K, has positive density, bdd below

K, is positive Harris recurrent, in particular Ey (o) = sup EX[7,,] < o0
xeZ

> Harris recurrent means P*{7, < oo} =1 if Leb(A) >0
Then 3 invariant measure g

Positive Harris recurrent means mq is normalisable
Then EX[74] < 00 Vx € A.

> [Meyn & Tweedie '92]: Positive Harris rec. if 3 Lyapunov fct U s.t.
(K;U)(x) <U(x) —e+alyeqy, €>0

> LDP = E4 (o) < e’/7" for any 1> 0 if o small enough
Example 1: Ey (o) = O(log(c™1)) if &, ~ AV, no heteroclinic cycles
Example 2: Ey (o) = O(log(c1)) if no heteroclinic cycles
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Assumption 4: Uniform positivity
> Trace process on . : (XT‘-F//,/n)n;O, kernel /K, =1 K

> Process killed upon leaving Ac .Z: ka(x,y) = k(x,¥)1ixca yea
Quasistationary distribution (QSD) w5 (m8'Ka)(x) = A§mg'(x)
Ay € (0,1) principal eigenvalue, lim P*{X' € Blrac > n} = 7' (B)
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Assumption 4: Uniform positivity
> Trace process on /: (XT;/n)nZO, kernel /K, = K

> Process killed upon leaving Ac .Z: ka(x,y) = k(x,¥)1ixca yea
Quasistationary distribution (QSD) w5 (m8'Ka)(x) = A§mg'(x)
Ay € (0,1) principal eigenvalue, lim P*{X' € Blrac > n} = 7' (B)

Assumption 4:

JLe(1,2), ng(o) s.t.

sup kg‘?(a)(x,y) <Linf kg‘?(”)(x,y) Vx,yeBj, i=1,...N
i xeB; ’

XEB,’

with ng(o) < e/7” for all n>0if o <oo(n)
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Assumption 4: Uniform positivity

> Trace process on . : (XT;/n),,ZO, kernel ,K, = K
> Process killed upon leaving Ac .Z: ka(x,y) = k(x,¥)1ixca yea
Quasistationary distribution (QSD) w5 (m8'Ka)(x) = A§mg'(x)
Ay € (0,1) principal eigenvalue, lim P*{X' € Blrac > n} = 7' (B)
n—oo

Assumption 4:

3L e (1,2), no(o) s.t.

7(©) ) -
B(,-) (X,y)SL)!Q;kB? (x,y) i=1,...N

sup k Vx,y € B;,
XEB,’

with ng(o) < e/7” for all n>0if o <oo(n)

> Consequence: spectral gap |/\lBi|//\Oi = O((L-1)Ym(o))
> Assumption holds for Examples 1 & 2 with ng(o) = O(log(c71))
(coupling argument and Harnack-type inequaliy)

21 August 2024 8/14
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Spectral gap

Proposition
Vn >0, 09,90 > 0 s.t. if 0 < 0y, diam(B,-) < do
> K has N eigenvalues outside disc {|\| < o =e </F2(9)}

> N leading ev satisfy | — 1| <e [H0-71/7" where Hy = min;.; H(i,j)
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Spectral gap

Proposition
Vn >0, 09,90 > 0 s.t. if 0 < 0y, diam(B,-) < do
> K has N eigenvalues outside disc {|\| < o =e </F2(9)}

> N leading ev satisfy |\ — 1| < e LHo=11/7* \where Hy = min;.; H(i,j)
> Feynman-Kac: If ueC, 7> sup P*{X; e .#Z},
xe M€

(K)(x) = e o(x) = ¢(x) =EX[e"# ¢(X-, )]
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Spectral gap

Proposition
Vn >0, 09,90 > 0 s.t. if 0 < 0y, diam(B,-) < do
> K has N eigenvalues outside disc {|\| < o =e </F2(9)}

> N leading ev satisfy |\ — 1| < e LHo=11/7* \where Hy = min;.; H(i,j)
> Feynman-Kac: If ueC, 7> sup P*{X; e .#Z},
xe M€

(K$)(x) = e ¢(x) < ¢(x) = EX[e" $(X. )]
< (K'9)(x) = e 6(x) with K“(x,dy) = EX[e" ™Dl x . cqyy]
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Spectral gap
Proposition
Vn >0, 09,90 > 0 s.t. if 0 < 0y, diam(B,-) < do
> K has N eigenvalues outside disc {|\| < o =e </F2(9)}

> N leading ev satisfy |\ — 1| < e LHo=11/7* \where Hy = min;.; H(i,j)
> Feynman-Kac: If ueC, 7> sup P*{X; e .#Z},
xe M€
(K@) (x) = e d(x) = o(x) = EX[e"# ¢(X7 )]

< (KU9)(x) = e ¢(x) with KU(x,dy) = E¥[e*("a1) Lix,. )]

N 0
> KU(x,dy) = KO(x,dy) = K*(x,dy) = 3" Iixep P51 { X+, € dy}
— i=1 ’
trace process

> Bound |K" — K*| and use resolvent estimate and Riesz projector
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Sharper estimates with metastable hierarchy
Assumption 5
30>0s.t. Y2<k<N
: < min H(i. ) —
min H(k,?) r’n<|p H(i,j)-0

JFI
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Sharper estimates with metastable hierarchy
Assumption 5
30>0s.t. Y2<k<N
: < min H(i. ) —
min H(k,?) rln<|l£1 H(i,j)-0

JFI

Theorem: [Baudel, B, SIAM J. Math. Anal. 2017]

The N largest eigenvalues of K are real and positive. 3 6,0;,0,c >0 s.t.
Ao =1

Ne=1-P 8 {77, <7t }[1+0( )] 1<k<N-1
dk(x) =P {15, , < T4 1+ O 7Y+ O %)

k
where ,/lk = U B,’

i=1
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Main result: Approximation by finite Markov chain
Theorem:
Under Assumptions 1, 2, 3, 4, if time acceleration m = m(o) satisfies
Iirrg)a2 logm(c) =46
with 6 > 0 small enough, for any >0, x € B;,
5 o i = 8 —[H-n]/c® | .nm
P {Xoom € B} = P'{Y, jt<C(e +0™™)

uniformly in n, where H = Hy — (N =1)8, and (Y;),s0 is N-state Markov
chain with matrix

2 —[0-n]/0?
Py =P 5 {X +m € Bi}[1+ O(e [6-nl/o™y]

Approximating metastable continuous-space Markov chains 21 August 2024 11/14



Main result: Approximation by finite Markov chain
Theorem:
Under Assumptions 1, 2, 3, 4, if time acceleration m = m(o) satisfies
(Iyi—% o?logm(c) =0
with 6 > 0 small enough, for any >0, x € B;,
[P {X,e.m € B} =P {Yn = j}| < C(e7! [H=ml/o® 1 gnm)

uniformly in n, where H = Hy — (N =1)6, and (Y;)s0 is N-state Markov
chain with matrix

Pl = P“%,-{X%m e Bj}[1+0(e0-117)]
> p=e /E2(9) <1 s spectral gap, 0"™ negligible

> Py t= =Z(PrX +1nm) for proba measures 1;
and . linear map between proba measures on .7 and {1,...,N}
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Proof ideas

> Law of X_+nm approaches span{ny,..., 7% ;} where 70K? = \079
A
. 0 0 0 0
Problem: span{mg,...,my_;} #span{mg,...,mg }
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Proof ideas

0 0
> Law of X_-.m approaches span{my,..., 7% 1} where 79K

Problem: span{7J,...,7%_;} # span{w%l, . ,WOBN}

N
> Recall K*(x,dy) = Z]l{xeBi}IP’ﬂgf{XTjﬂ edy}
i-1 ‘

Projectors on subspaces associated with K*, resp K°:

N N-1
M= g Mgl  N%= 3 |of)(me
i k=0
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Proof ideas
0

0 0
> Law of X_-.m approaches span{mg,...,my_y} Where 1,

Problem: span{7J,...,7%_;} # span{w%l, . ,WOBN}
N
> Recall K*(x,dy) = Z]l{xeBi}IP’WOBf{XT% edy}
i=1 ‘
Projectors on subspaces associated with K*, resp K°:
N N-1
M=% [1g)(ng|  N°= 3 [¢p)(mhl
i=1 k=0
> Changes of basis ({m}}, {0}}) ~ ({ni}, {vi})
Lemma:
Let M% =id -MN°. Then
(uil = (g, |lid -N2N*]7IN° ;) = M°J1g)
i 0
satisfy (ui[1);) = ;5 and Y- [v;) (il =
i=1
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Proof ideas
> Neumann series with K,COr noKono.

(il (K®)™u5) = (g |lid =M ] (Kg) L, )
N

= (| (KD™1g) + Y (nd (KD ™15) X ey
/=1 nx1
where ¢j; = (773 |n°n~ g;) = (7rB |- - I'I0|]lBj)
N
and el = S cienn .0
Cyoenn=1
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Proof ideas
> Neumann series with K2 = M°K°M°:

(il (K®)™u5) = (g |lid =M ] (Kg) L, )

N
= (nGI(KO)™[15,) + Y, [(KO)™(15) 3 <
/=1 n>1
where ¢/ = <7TB |n°n~ 1g;) = (7rB |- - I'I0|]lBj)
N
and 8( ) Z €i€1€€1£2 A E\anlj
Oyoelnn=1

> Get exponentially small upper bounds on ¢j;, using probabilistic
(relaxation to QSD) and analytical methods (Riesz projector)
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Proof ideas
> Neumann series with K2 = M°K°M°:

(il (K®) ™) = (g |[id NI 17 (Kep) ™[ L)
N

= (nGI(KO)™[15,) + Y, [(KO)™(15) 3 <
/=1 n>1
where ¢/ = <7TB |n°n~ 1g;) = (7rB |- - I'I0|]lBj)
N
and 8( ) Z EI'€1€€1£2 A E\énflj
Oyoelnn=1

> Get exponentially small upper bounds on ¢, using probabilistic
(relaxation to QSD) and analytical methods (Riesz projector)
Proposition:
o ij — ]lBj Hoo < e—[ﬁ—ﬁ]/oz
o EM[a(Xprm)] =P{Y, = j}
where (Y,), Markov chain with matrix P;; = ([ (K®)™|1;)
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Outlook
> Approximations of the QSDs?
0
> Sharper approximation of the IP”B:'{XT;; € Bj}?

> Can the approach be transposed to the general SDE case?

References
> Manon Baudel & N.B., Spectral theory for random Poincaré maps,
SIAM J. Math. Analysis 49, 4319-4375 (2017)
> N.B., Reducing metastable continuous-space Markov chains to
Markov chains on a finite set, arXiv/2303.12624. To appear in
Annales de I'Institut Henri Poincaré

Thanks for your attention!

Slides available at https://www.idpoisson.fr/berglund/Bielefeld_2024.pdf
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