AMENABILITY AND EXACTNESS FOR DYNAMICAL SYSTEMS
AND THEIR C*-ALGEBRAS

CLAIRE ANANTHARAMAN-DELAROCHE

ABSTRACT. We study the relations between amenability (resp. amenability at
infinity) of C'*-dynamical systems and equality or nuclearity (resp. exactness) of
the corresponding crossed products.

1. INTRODUCTION

It has long been known that the amenability of a locally compact group G is
strongly connected with the nuclearity of its associated C*-algebras. First, it was
observed in [14] that the amenability of G implies the nuclearity of its full C*-
algebra C*(G). The converse is not true since C*(G) is nuclear for every type I or
almost connected locally compact group (see [5], [27]). However Lau and Paterson
proved ([22], [26]) that if the reduced C*-algebra C(G) is nuclear and if in addition
G is inner amenable in the weak sense of [26, §2.35], then G is amenable. Since
every discrete group is inner amenable, this gives in particular Lance’s result [20]
stating that for G discrete, any of its group C*-algebra is nuclear if and only if G is
amenable.

Similarly, for a locally compact G-space X, there is a notion of (topological)
amenability, which is linked with the nuclearity of the associated crossed prod-
ucts (see [2], [4], [29]) : if the G-space is amenable, then the full crossed product
C*(X @) is nuclear, and if the reduced crossed product C; (X xG) is nuclear with
G discrete, then the G-space is amenable. A natural notion of inner amenability
does not seem to exist in this framework of G-spaces. Instead, we introduce a weak
notion of inner amenability, that we call property (W), which is expressed in terms
of positive type functions with respect to the G x G-space X x X (Definition 4.3).

We show that a locally compact G-space X is amenable if and only if it has
property (W) and its reduced crossed product C*-algebra C;(X xG) is nuclear.

In particular, property (W) makes sense for a locally compact group G. It is
weaker than inner amenability but we do not know whether it can be strictly weaker.
Every discrete group has property (W) and if G is almost connected (or type I),
property (W) is equivalent to its amenability (Remark 5.10). So counter-examples,
if they exist, should be seeked in the class of totally disconnected groups. An easy
observation shows that whenever G has property (W), every G-space X has property
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(W), but the converse is false. More generally, this property can be defined for any
locally compact groupoid. It appeared naturally in a joint work in progress with J.
Renault concerning exact groupoids.

The above extension to the case of G-spaces of the Lau-Paterson result is one of
the motivations of this paper. Let us now give a more complete description.

Section 2 sets out a self contained survey of the notion of amenability for locally
compact transformation groups. Although the theory is extensively developed the
the monograph [4] that J. Renault and I have recently written in the more general
framework of locally compact groupoids, another motivation for this paper is to give
here more direct and easily accessible proofs for readers unfamiliar with groupoids.
An advantage is that, when working with transformation groups, one does not need
any separability assumption on the locally compact spaces.

This subject has attracted much attention these last three years in connection
with the Novikov conjecture for discrete groups, following the works of Yu, Higson-
Roe and Higson ([34],[17],[16]). In these papers, the crucial notion for a locally
compact group is the existence of an amenable action on a compact space. A group
with this property will be called amenable at infinity. We briefly study this notion
in Section 3 and recall its links with uniform embeddability into Hilbert spaces. In
Section 4, we introduce property (W), and Section 5 contains the main results linking
the amenability of a G-space X to the nuclearity of its associated crossed product
C*-algebras and to property (W) (Theorems 5.3 and 5.8). Some tentative definitions
of amenability for a non commutative G-C*-algebra are proposed in Section 6, but
the situation is still unclear.

In Section 7, we remark that our techniques allow similarly to describe completely
the relationships between the exactness of the reduced C*-algebra C}(G) of a lo-
cally compact group and its amenability at infinity, in presence of property (W):
obviously if G is amenable at infinity, then C(G) is exact, and the converse is true
if in addition G has property (W). However, since every almost connected group is
amenable at infinity, by considering almost connected non amenable groups, we see
that G can be amenable at infinity without having property (W). We leave open
the general problem for any locally compact group : does the exactness of C(G)
imply the amenability at infinity of G 7 A direct proof of the equivalence between
the exactitude of C(G) and the nuclearity of C)(3GxG), where one considers the
obvious action of GG, assumed to be discrete, on its Stone-Cech compactification SG,
was obtained by Ozawa [25] (see also [13]).

In Section 8, we show how the ideas of Sinclair and Smith explained in [31] can be
adapted to prove directly that for a discrete group action on a locally compact space,
the nuclearity of the reduced crossed product C*-algebra Cf(X x Q) is equivalent to
the amenability of the G-space. The advantage is that the proof in this case only uses
the notions of completely positive approximations and of positive type functions, and
neither the representation theory, nor the characterization of nuclearity in terms of
C*-tensor products. This observation can be useful in some applications, such as
entropy computations. Finally, Section 9 is a survey of some open problems.
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This paper is a modified and expanded version of the preprint with the same title
which was circulated in April 2000.

2. AMENABLE TRANSFORMATION GROUPS

A transformation group is a left G-space X, where X is a locally compact space,
G is a locally compact group and (z, s) +— sz is a continuous left action from X x G
to X. Let us first introduce some notations. We denote by C.(G) the space of
complex valued continuous functions with compact support on G, and Prob(G) will
be the set of probability measures on G, equipped with the weak*-topology. Given
feCG), x € X, m € Prob(G) and s € G, we set

(sf)(x) = f(s7'a), (sm)(f) =m(s™'f).

If g € Co(X x G), then ¢g* will be the map ¢t — ¢*(t) = g(x,t), and g(t) will be
the map x +— ¢(t)(z) = g(x,t). Finally, dt denotes the left Haar measure on G.

Definition 2.1. We say that the transformation group (X, G) (or the G-action on
X, or the G-space X) is amenable if there exists a net (m;);c; of continuous maps
x +— m{ from X into the space Prob(G) such that

lim [[smf —mi¥|1 = 0
7

uniformly on compact subsets of X x G.
Such a net (m;);e; will be called an approzimate invariant continuous mean
(a.i.c.m. for short).

Before giving examples, let us state several equivalent definitions.

Proposition 2.2. The following conditions are equivalent:

(1) (X,G) is an amenable transformation group.
(2) There exists a net (g;)icr of nonnegative continuous functions on X x G
such that
(a) for everyiel andxz € X, [, g7 (t)dt =1;
(b) limy [, |g7*(st) — g7 (t)]|dt = 0 uniformly on compact subsets of X x G.
(3) There exists a net (g;)icr in Ce(X x G)T such that
(a) lim; [, gFdt = 1 uniformly on compact subsets of X ;
(b) lim; [, [g7"(st) — g7 (t)|dt = O uniformly on compact subsets of X x G.

Proof. (1) = (2). Let g € C.(G)" such that [ g(¢)dt =1 and set

gi(x,s) = /g(tls)dmf(t).
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By the Fubini theorem, we get [ ¢g¥(s)ds =1 for every z € X and i € I. Moreover,
) € X x G we have

for (
/ 97(st) = 7@l = [ | [ gtu™styimiz(w) ~ [ gl e)im? )l
- /1 / gl st)dmi=(w) — [ g(u st)d(sm)w)ds
// st)d|ms® — sm¥|(u)dt

where |mj* — sm?| is the total variation of m{* — sm?.

theorem we obtain the majoration

< / [ / g(ust)di)dlme® — sm?|(w) < ms* — smf])s.

This tends to 0 uniformly on compact subsets of X x G.

(2) = (3). An easy approximation argument allows to replace the net (g;)icr by
a net in C.(X x G)T satisfying conditions a) and b) of (3).

(3) = (2). Let (gi)ier as in (3) and choose g € C.(G)" as above. Let us define
(gi,n) by

Using again the Fubini

gi(z,s) + 59(s)
[ gi(z,t)dt + % .
Then (gin)(in)erxn- satisfies conditions a) and b) of (2).

(2) = (1) is obvious: given (g;)ier as in (2), we define m¥ to be the probability
measure with density g7 with respect to the left Haar measure. Then (m;);cs is an
a.i.c.m.

gi,n(l', 5) =

0

Definition 2.3. A complex valued function h defined on X x G is said to be of
positive type (with respect to the G-space X) if for every x € X, every positive
integer n and every t1,...,t, € G, A1,..., Ay € C we have

th Lot 1)) > 0.

Similarly, a function h deﬁned on X x (G, with values in a C*-algebra A, is
said to be of positive type if for every x € X, every positive integer n and every
t1y. ..ty € G, the matrix [h(t; 'z, t; ;)] € M,(A) is positive.

We denote by L?(G) ® Co(X) the completion of C.(X x G) endowed with the
norm

I€ll2 = (sup / €. )2de) 2,
rzeX

Remark that L?(G) ® Co(X) is a Hilbert C*-module over the algebra Co(X) of
continuous functions vanishing at infinity, with scalar product

= /f(x, t)n(x,t)dt
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and module structure defined by

(&), 5) = &(2,5) f(2).
For basic facts on Hilbert C*-modules we refer to [21].
To every &€ € L?(G) ® Co(X), we associate the coefficient (¢,&) defined by

(&,8)(x,s) = /f:vt Lz, s7)dt.

It is a continuous positive type function on X x G, with compact support if & is
so. The following result is the analogue for transformation groups of a well known
result of Godement [6, Théoreme 13.8.6].

Lemma 2.4. Let k be a continuous function of positive type on X X G, with compact
support. There exists ¢ € L*(G) ® Co(X) such that k = (&,€).

Proof. Let p(k) be the Cy(X)-linear bounded endomorphism of L?(G) ® Cy(X) such
that

(p(K)€) (. 5) = / k(s s 06 (e, 1)t

for every ¢ € L*(G) ® Cy(X). Since k is a positive type function, p(k) is a positive
operator. Let (f;)icr be an approximate unit of Cy(X) and (¢;);es be a standard
approximate unit of L'(G) (i.e. made of nonnegative continuous functions with
compact supports in a basis of neighbourhoods of the unit of G). We set

&ij = p(k)"?(fi @ ¢;).
Then (&; ;) is a Cauchy net in L?(G) ® Co(X), and if € denotes its limit, we have

(&8 (x,s) = llrjn(fm,fw)(x s
= lim fi(z) fi(s “a //903 @i (r t_lm,t_lsT)dth

Proposition 2.5. The following conditions are equivalent:

(1) (X,G) is an amenable transformation group.

(2) There exists a net (&)icr in Ce(X x G) such that
(a) lim; [, |&(2,t)|*dt = 1 uniformly on compact subsets of X ;
(b) limy [, |&(sw, st) — &(x,t)|*dt = O uniformly on compact subsets of

X xG.

(3) There exists a net (h;)icr of positive type functions in Ce.(X X G) which

tends to 1 uniformly on compact subsets of X x G.

Proof. (1) = (3). Let (g;)ier be a net in C.(X x G)T which fulfills conditions (a)
and (b) of (3) in Proposition 2.2. Wet set & = ,/g; and h; = (§;,&;). Then

hi(s 'z, e) + hi(z,e) — 2h;(x, s) /\ﬁz Yz, s71) — & (, t)[Pdt. (%)
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The inequality |a — b|* < |a? — b?| for a,b > 0 gives the majoration

L/W§A$‘1x7s_1t)—-€Kaat)2dtf§j/!gds_lw,s_lt)—-gdaatﬂdt- ()

Since h;(z,e) = [ gi(z,t)dt, we see from (x) and (x*) that (h;);er goes to 1 uniformly
on compact subsets of X x G.

The implication (3) = (2) follows immediately from Lemma 2.4 and (x). We
just have to observe that the elements of L?(G) ® Co(X) can be approximated by
elements of C.(X x G).

(2) = (1). Let (&)ier as in (2) and set g; = |&]? for @ € I. Using the Cauchy-
Schwarz inequality and the inequality

[la* = [b]*] < (Jal + [bD)]a — b,

we get,

/ lgi(s, st) — gi(e, £)|dt
< / (i (s, )| + (€ 0) 2] /2 x | / (i, st) — &x(ar, )] 2
< / (i D2dD)? + ( / &, 1) Pty x | / (s, st) — &(ar, )] V2,

This last term goes to 0 uniformly on compact subsets of X x G.
O

Remark 2.6. Obviously, when X and G are o-compact, we may replace nets by
sequences in the above statements.

Examples 2.7. (1) If X is reduced to a point, our definition of amenability, under
the form given Proposition 2.2, is the existence of a net (k;);cr of continuous nonneg-
ative functions such that [ k;(t)dt =1 for all i, and s — [ |k;(st) — k;(¢)|dt goes to 0
uniformly on compact subsets of Gj it is essentially Reiter’s condition (P;) [11, page
44]. The equivalent condition given in Proposition 2.5 (3), namely the existence of a
net (h;);er of continuous positive type compactly supported functions converging to
1 uniformly on compact subsets of G is essentially the weak containment condition
introduced by Godement [11, page 61].

(2) If G is an amenable group, every transformation group (X,G) is amenable.
Indeed, given (k;);cr as in (1) above, we define m; to be the constant map on X
whose value is the probability measure with density k; with respect to the left Haar
measure. Then (m;);cs is an a.d.c.m.

Note that if (X, G) is amenable and if X has a G-invariant probability measure p,
then G is an amenable group. Indeed, let us consider a net (g;);cs as in Proposition
2.2 (3), and set k;(t) = [ gi(x,t)du(z). Then (k;);es has the properties stated in (1)
above, and therefore GG is amenable.

(3) For every locally compact group G, its left action on itself is amenable. Indeed,
let us choose a nonnegative function g € C.(G)" such that [g(t)dt = 1 and set
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m®(f) = [ f(t)g(z~'t)dt for every z € G and every f € C.(G). Then x — m? is
continuous from G into Prob(G) and m** = sm? for every (z,s) € G x G.

Such an action, having a continuous invariant system of probability measures, is
called proper. This is equivalent to the usual properness of the map (z,t) — (z,tx)
from X x G into X x X (see [4, Cor. 2.1.17]).

(4) Let Fo be the free group with two generators a and b. The boundary OFs
is the set of all infinite reduced words w = ajas...a, ... in the alphabet S =
{a,a=%,b,b=1}. There is a natural topology on dFy for which dFs is the Cantor
discontinuum, and 9 acts continuously to the left by concatenation. The trans-
formation group (0Fs,Fs) is amenable. Indeed, for n > 1 and w = ajas...ay. ..,
define

I

S

m,({t}) =

l if t=a1...a;, k<
n

0 otherwise.

Then (my,)n>1 is an a.i.c.m.

More generally, every hyperbolic group I' acts amenably on its Gromov boundary
OI'. This was first proved by Adams [1], by showing that for every quasi-invariant
measure p on OI', the measured transformation group (OI',T',u) is amenable in
the sense of Zimmer. This is equivalent to the (topological) amenability of (0T',T")
defined in these notes (see [4, Th. 3.3.7]). More recently, Germain has given a direct
proof by constructing explicitly an approximate invariant mean [4, Appendix B].

(5) Another convenient way to show that transformation groups are amenable is
to use the invariance of this notion by Morita equivalence [4, Th. 2.2.17]. Let us
consider for instance a locally compact group G and two closed subgroups H and
K. Then the left H-action on G/K and the right K-action on H \ G are Morita
equivalent. If K is an amenable group, it follows that (G/K, H) is an amenable
transformation group.

3. AMENABILITY AT INFINITY

Definition 3.1. We say that a locally compact group G is amenable at infinity if
it admits an amenable action on a compact space X.

Examples 3.2. (1) An amenable locally compact group is amenable at infinity:
one can take X reduced to a point.

(2) A discrete group G which is hyperbolic in the sense of Gromov is amenable
at infinity since its action on its Gromov boundary is amenable.

(3) Every closed subgroup H of a connected Lie group G is amenable at infinity.
Indeed, G possesses a closed amenable subgroup K such that G/K is compact. Then
(G/K, H) is an amenable transformation group.

(4) If G is amenable at infinity, so are its closed subgroups.

Proposition 3.3. Fvery almost connected group is amenable at infinity.

Proof. Assume first that G is a connected locally compact group. Then G has a
compact normal subgroup K such that G/K is a real Lie group [24]. By Example
3.2 (3), the group G/K acts amenably on a compact space X. Since the map
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G — G/K is proper, for every positive type function h € C.(X x G/K), the
function (z,s) — h(z,sK) has a compact support, and it is of course of positive
type. Then, using the characterization 2.5 (3) of amenable actions, we immediately
see that the natural G-action on X is amenable.

Assume now that G is almost connected, which means that the quotient group
G /Gy of G by the connected component of the identity is compact. Let X be a
compact amenable Gg-space. Induction from Gy to G provides the compact G-
space Y = (G x X)/Gy. Invariance of amenability by Morita equivalence shows
that this G-space Y is amenable (see [4, Prop. 5.2.5]). O

Let us denote by Cy'(G) the algebra of bounded left uniformly continuous func-
tions on G, that is such that |[tf — f||cc goes to 0 when ¢ goes to the unit element
e of G. Let B“G be the spectrum of this algebra. The left action of G onto G by
translation extends uniquely to a left action on f“G. Note that when G is discrete,
G"G is the Stone-Cech compactification 3G of G.

Proposition 3.4. Let G be a locally compact group. The following conditions are
equivalent:

(1) G is amenable at infinity.

(2) The action of G on "G is amenable.

Proof. Of course we have (2) = (1). Now, assume that there exists an amenable
transformation group (X, G) with X compact. Choosing 2y € X, the map s — sxg
from G to X extends to a continuous map p : f*G — X, by the universal property
of the compactification S“G. Since p is G-equivariant, given an a.i.c.m. (m;);es for

(X, @), the net of maps y — mP™ defines an a.i.c.m. for (6"G, Q).

i
O

Let us denote by 6 the homeomorphism of G' x G such that 6(s,t) = (s71, s71¢).
Let Cp (G x G) be the algebra of bounded continuous fonctions f on G' x G such
that f o @ is the restriction of a continuous function on %G x G. Note that when
G is discrete, Cp o(G x G) is the algebra of bounded functions on G x G.

A set T such that {s='t: (s,t) € T} is relatively compact will be called a tube.

An easy reformulation of Propositions 2.2 and 2.5 give a characterization of
amenability at infinity of G which only invokes G. Recall that a positive type kernel
on G x G is a function h defined on G x G such that, for every positive integer n
and every ti,...t, € G, the matrix [h(;, ;)] is positive.

Proposition 3.5. Let G be a locally compact group. The following conditions are
equivalent:
(1) G is amenable at infinity.
(2) There exists a net (g;) of nonnegative functions in Cy¢(G x G) with support
in o tube such that
(a) for each i and each s, fG gi(s,t)dt = 1;
(b) lim; [ [gi(s, u) — gi(t, u)|du = 0, uniformly on tubes.
(3) There exists a net (&) of functions in Cyo(G x G) with support in a tube
such that
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(a) for eachi and each s, [ |&(s,t)2dt = 1;
(b) lim; [ & (s, u) — &(t,u)|*du = 0, uniformly on tubes.

(4) There exists a sequence (h;) of positive type kernels in Cho(G x G) with
support in a tube such that lim; h; = 1, uniformly on tubes.

Proof. To go from Propositions 2.2 and 2.5 to the above statement and conversely,
we just need a simple change of variables. Assume for instance the existence of a
net (h;) as in (4) above. For (s,t) € G x G, we set k;(s,t) = hi(s~!,s71t), and we
still denote by k; its extension to %G x G. In this way we get a continuous function
with compact support on S“G x G. For xz € G, t1,...,t; € G, we have

k‘i(t;ll‘, t;lt]’) = hi(l‘_lti,x_lt]’).

It follows that (k;) is a net of continuous positive type functions on S“G x G with
compact support. Morever for every compact subset K C G we have

sup |ki(z,t) — 1] =  sup |ki(x,t) — 1]
(z,t)efEGX K (z,t)eGXK
= sup |hi(z"27ME) — 1]
(z,t)eGX K

= sup{|hi(s,t) — 1| : (5,t) € G x G, s 't € K}.

Therefore (h;) goes to one uniformly on compact subsets of %G x G, and (4)
implies (1). The converse is even easier and the other assertions are proved in the
same way. O]

Let us end this Section by a proof of the known fact (see [34]) that every countable
group which is amenable at infinity is uniformly embeddable into a Hilbert space.

Definition 3.6. Let G be a locally compact space. We say that G is uniformly
embeddable into a Hilbert space if there exist a Hilbert space H andamap f: G — H
satisfying the following two conditions:

(a) for every compact subset K of G there exists R > 0 such that
sTite K = ||f(s) - f()] < B;

(b) for every R > 0 there exists a compact subset K of G such that
If(s) = fFOIl < R=s""t € K.

When G is a discrete group with a left-invariant metric d such that (G, d) has
bounded geometry, this is the usual notion of uniform embedding into a Hilbert
space.

Proposition 3.7. Every o-compact locally compact group G which is amenable at
nfinity is uniformly embeddable into a Hilbert space.

Proof. Let (K,) be a sequence of compact subsets of G with U K, = G and K,
n>1
contained into the interior of K, for every n.
Consider a sequence () of functions on G x G, with support in tubes such that
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(i) Vn > 1,Vs € G,/ n(s,u)Pdu = 1,
G

1
(ii)) Vn > 1, Sup{/ 1€n(s,u) — &u(t,u)|?du : (s,t) € G x G, s 't e K,} < o
G

For s € G, & will denote the element t — &,(s,t) of [2(G). Let us take H =
L?*(G) ® I?>(N*) and consider the map

s f(s) = Dnx1(& — &)

from G into H. Then we have

1£(s) = F@II° = Z €% — €kl
and if st € K,,, we have

1£65) = FOI < 4n+ 3 5.

k>n

Therefore, condition (a) of Definition 3.6 is satisfied.
Now, let ¢(n) be an integer such that for 1 < p < n,

Supp &, C {(s,t) : st € Ky(n)}.

In particular, if s~'t ¢ Kw(n)KJ(ln) we have
Supp& NSupp&, =0 for 1<p<n,

and thus [[&5 — &L]|5 = 2. Tt follows that if || f(s) — f(t)]| < v2n, we have st €
~1
Kop(n) Ky my - O
Remarks 3.8. (1) In a recent paper [12], Gromov has announced the existence of
finitely generated discrete groups which are not uniformly embeddable into Hilbert
spaces.
(2) Let G be a countable discrete group. It can be shown (see [34], [13, Th. 4.1],
[32, Prop. 8.6]) that G is uniformly embeddable in a Hilbert space if and only if
there exists a sequence (h,) of bounded positive type kernels on G x G such that

(a) limy, h, = 1 uniformly on tubes;
(b) for every n and every £ > 0 there exists a finite subset K of G such that
|hn(s,t)| <eif st ¢ K.

(compare with Proposition 3.5. (4)). It is unknown whether amenability at infinity
is equivalent to uniform embeddability into Hilbert spaces.

Recall that the Strong Novikov Conjecture with coefficients holds for every finitely
generated group which admits a uniform embedding into a Hilbert space ([34], [16],
[32]).
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4. THE PROPERTY (W)

Definition 4.1. Let (X, G) be a transformation group. The product group G x G
acts on the product space X x X by

(s,t).(x,y) = (sz,ty).

A positive type function h on X x X x G x G (with respect to the G x G-space
X x X) is a positive type function in the sense of Definition 2.3, with respect to the
G x G-action on X x X. In other words, for every (z,y) € X x X and for every
(s1,t1)y- -, (Sn,tn) € G X G, the matrix [h(si_la:,tl-_ly, si_lsj,ti_ltj)] is positive.

Let us denote by X xG the semi-direct product groupoid defined by (X, G): the
range map is the first projection X x G — X, the source map is (z,t) — t~ 'z,
and the product is defined by (z,t)(t "'z, s) = (z,ts). If we view h as a function on
(X X G) x (X x G), then it is of positive type as a function defined on the groupoid
product of X xG by itself (see [4, page 44]). When X is reduced to a point, we warn
the reader that we consider here positive functions on the group product G x G,
and not positive type kernels in the sense of the previous section.

Definition 4.2. We say that a closed subset A of (X x G) x (X x G) is proper with
respect to projections or mw-proper if for every compact subset K of X x G, the sets
[K x (X xG)NAand [(X x G) x K] N A are compact.

We say that a continuous function h on (X x G) x (X x G) is properly supported
if its support is w-proper.

Definition 4.3. We say that a transformation group (X, G) has property (W) if for
every compact subset K of X x GG and for every € > 0 there exists a continuous
bounded positive type, properly supported, function h on (X x G) x (X x G) such
that |h(z,t,x,t) — 1| < e for all (z,t) € K.

Examples 4.4. (1) Every amenable transformation group (X, G) has property (W).
Indeed, given € > 0 and a compact subset K of X x G, let h be a positive type
function in C.(X x G) such that |h(x,t)—1| < e for all (z,¢) € K. Then (z,s,y,t) —
h(zx, s)h(y,t) is continuous of positive type and compactly supported on (X x G) x
(X x G), and |h(z,t)? — 1| < (2 + ¢)e for (z,t) € K.

(2) Every discrete group has property (W), since the characteristic function of
the diagonal Ag of G x G is a properly supported positive type function on the
product group G x G.

(3) If G is a locally compact group with the property (W), let us show that every
transformation group (X, G) has property (W). Given a compact subset K; x Ky
of X X G, and € > 0, let h be a bounded continuous positive type function on
the product group G x G, properly supported, such that |h(t,t) — 1| < e for all
t € Ky. Let ¢ € Co(X) with values in [0, 1], such that p(z) = 1 for all z € Kj.
Then (z,s,y,t) — g(x,s,y,t) = p(x)p(y)h(s,t) is a bounded continuous, properly
supported, positive type function such that |g(z, ¢, z,t) —1| < e for (z,t) € K1 x Ks.

In particular, every discrete transformation group has property (W).
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Definition 4.5. Let us say that a locally compact group G is inner amenable if
there exists a mean m on L (G) such that m(tft=1) = m(f) for all f € L>(G) and
ted.

This is for instance the definition given by Paterson [27, p.85]. We warn the
reader that this is not the usual definition of inner amenability, as introduced by
Effros in [7]. Our notion of inner amenability was also considered by Kirchberg in
[18], under the name of property (Z).

Proposition 4.6. Every inner amenable locally compact group has property (W).

Proof. Let us denote by A and p the left and right regular representations of G
respectively. By standard approximation arguments, the existence of a mean which
is invariant by inner automorphisms implies the existence of a net (¢;) in C.(G) such
that ||&]l2 = 1 and (&, A\epe&i) goes to one uniformly on compact subsets of G. Let
us define h; on G x G by

hi(s,t) = (&, Aspe&i)-
Then (h;) is a net of properly supported, bounded, continuous, positive type func-
tions, going to one uniformly on compact subsets of the diagonal. O

5. AMENABILITY AND CROSSED PRODUCTS

Let us recall first a few facts on crossed products. We refer to [28, Chap. 7] for
more details.

Definition 5.1. Let G be a locally compact group. A G-C*-algebra is a C*-algebra
A endowed with a continuous action « of G. Specifically, « is a homomorphism
from G to the group Aut(A) of automorphisms of A, such that for a € A the map
s+ as(a) is norm continuous. We shall often write s.a for as(a).

A covariant representation of the G-C*-algebra A is a pair (7, 0) where 7 and o
are representations of A and G respectively in a Hilbert space H, such that

o(s)m(a)o(s)™! = 7(s.a)
for every a € A, s € G.

We denote by C.(G, A) the space of continuous functions with compact support
from G to A, equipped with the product

frgs) = / FHaulg(t 1 s))dt

and the involution

a(f(s~1))*
o) )

where A is the modular function of G.
Given a covariant representation (7, 0), we set, for f € C.(G, A),

(7 x 0)(f) = / r(f(1)o(t)dt € BU).
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Then 7 X o is a representation of the involutive algebra C.(G, A). The full crossed
product C*(G, A) is the completion of C.(G, A) with respect to the norm

LfIF = sup [[(7 x a)(f)]l

(m,0)

where (7, 0) ranges over all covariant representations of A.

Note that m x o extends to a representation of C*(G, A) and that every non-
degenerate representation of C*(G, A) arises in this way.

We now view the vector space C.(G, A) as a right A-module in the obvious way
and define on it the A-valued scalar product

(f,9)a= /f(t)*g(t)dt.

As we did previously for A = Cy(X), we denote by L*(G) ® A (or L*(G, A)) the
Hilbert C*-module over A obtained from C.(G, A) by completion. The C*-algebra
of A-linear bounded operators on L?(G) ® A admitting an adjoint will be denoted
by End4(L%(G) ® A). We define an involutive homomorphism

A : Cu(G,A) = Ends(L*(G) ® A)
by the formula

AEGs) = [ ans(re)ee )
and the reduced crossed product C}(G, A) is the closure of A(C.(G, A)).

Given a non-degenerate representation m : A — B(H), the Hilbert space
L*(G) ® A ®4 H will be identified to L?*(G,H) by the map sending f ® ¢ to
t +— w(f(t))€. Denote by X the left regular representation of G into L?(G) and
by 7 the representation of A into L?(G, H) such that

7(a)é(t) = m(ay-1(a))é(t), Vae AVt eG.

Then (7, A® 1) is a covariant representation of the G-C*-algebra A. We denote by
7 X A (instead of T x (A® 1)) the corresponding representation of C*(G, A), said to
be induced by w. If 7 is a faithful representation, then b — A(b) ® 4 1y is a faithful
representation of Cf(G, A) which coincides with @ x A on C.(G, A). It follows that
Cy (G, A) is a quotient of C*(G, A) and that every induced representation passes to
the quotient.

Let us consider a transformation group (X, G). The C*-algebra Cy(X) of contin-
uous functions on X vanishing at infinity is a G-C*-algebra, with s.f(z) = f(s™'z)
for s € G,z € X, f € Cp(X). The corresponding crossed products will be denoted
by C*(Xx@G) and C}(X xG) respectively. When X is reduced to a point, we get
the full and reduced C*-algebras of G, denoted by C*(G) and C}(G) respectively.

Definition 5.2. Let X be a locally compact space. A Cy(X)-algebrais a C*-algebra
A equipped with a morphism from Cp(X) into the center Z(M (A)) of the multiplier

algebra of A, such that Cy(X)A = A.
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Let (X, G) be a transformation group. A G-Cy(X)-algebra is a G-C*-algebra A
which is also a Cy(X)-algebra and satisfies the compatibility condition
s.(fa) = (s.f)(s.a), VfeCy(X),aecAseQG.
Given two C*-algebras A and B, we denote by A ® B their minimal C*-tensor
product, and by A ®mq. B their maximal C*-tensor product.
Theorem 5.3 ([2]). Let (X, G) be a transformation group, and consider the follow-
ing conditions:
(1) (X,G) is amenable.
(2) For every G-Cy(X)-algebra A, C} (G, A) = C*(G, A).
(3) For every nuclear G-Cy(X)-algebra A, C} (G, A) is nuclear.
(4) CH(XXG) is nuclear.
Then (1) = (2) = (3) = (4).
Proof. (1) = (2). Let (7, 0) be a covariant representation of the G-C*-algebra A in

H. We show that 7 x ¢ is weakly contained in the representation 7 x . Let (&;) be
a net as in Proposition 2.5 (2). Given v € H, we define, for t € G,

ni(t) = ot~ )m(&(t)v.
Here &;(t) € C.(X) is viewed as an element of Z(M(A)), and 7 is extended to M (A).
For f € C.(X x G), a straightforward computation gives

(e X V() = [ (s) (e, () s) st
- / (r(ha(t))o, 7 (£)) o (t)u)dt

where h;(x,t) = [&(z, )&t 2, t7s)ds. Since (h;) goes to 1 uniformly on compact
subsets of X x G, we have

(s, (@ x X)(f)mi) = (v, (m x )(f)v).

Therefore 7 x o is weakly contained in 7 x A, and (2) is proved.

(2) = (3). Let B be a C*-algebra. Since A ® B is a G-Cp(X)-algebra in an
obvious way, we have
by (2). Moreover A ® B = A @40 B because A is nuclear. It follows that

C:(G,A)®@ B=C*"(G,A®maz B) =C*(G,A) @maa B
= C:(G, A) ®maz B,
and therefore C(G, A) is nuclear.

(3) = (4) is obvious. O
Lemma 5.4. Let f be a bounded, continuous, properly supported, positive type func-
tion on (X x G) x (X x G). For (z,s) € X x G, let us denote by f(, ) the continu-
ous function with compact support (y,t) — (1//A(t))f(z,s,y,t) defined on X x G.
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Then (x,8) — A(f(z,s)) 8 a positive type function (in the sense of Definition 2.3)
with values in C} (X XG).

Proof. Let x € X and s1,...,s, € G be given. Let us consider elements &1, ...,&, €
L?*(G) ® Cp(X). An easy computation shows that

Z 1<§i’A(f(s¢1w,silsj))§j>(y)
ij=
dtdu

= [ 3 B s e 07 )

ij=1
Then, approximating the measure y/A(t)dt by positive measures with finite support,

a classical argument shows that the above expression is positive.
O

Definition 5.5. Let (X,G) be a transformation group, B a C*-algebra and & :
C}(XxG) — B a completely positive map. We say that ® has a compact support if
there exists a compact subset K of X x G such that ®(f) = 0 for every f € C.(X xG)
such that Supp f N K = (.

Lemma 5.6. Let ® : C(XxG) — M,(C) be a completely positive map. Then for
every € > 0 and every finite subset F' of C*(X xG) there exists a completely positive
map U : CH(XxG) — M,(C), with compact support such that

[¥(a) — @(a)| <€ for a€F.

Proof. Since ® is completely positive, by the Stinespring dilatation theorem, there
exists a representation p of C}(X xG) into H, and vectors ey, ..., e, € H, such that
for a € CHX @),

®(a) = [{ei, pla)e;)] € Mn(C).
Let us choose a faithful representation m of Cy(X) in a Hilbert space H. Since 7 X A
is a faithful representation of C(X x@G) into L?(G, H), given 1 > 0 there exists a

multiple (T X \) ® 1 of this representation (that is m7x X Ag, where 7 = 7 ® 1k
and A\x = A ® lgeK), and vectors &1,. .., &, in L?(G, H ® K) such that

[{eis pla)es) — (&, (K X Ak ) (@)€5)] <

for a € F and i,j € {1,...,n}. Moreover the ’s may be chosen with compact
support. Since for f € C.(X x G), we have

(&, (Tr X AR )(f)&5) = /(&(8)7WK(Oés—l(f(t))fj(t_18)>d8dta
we see that the completely positive map

a— U(a) = [(&, (Tk x Ax)(a)&;)]

has a compact support, and satisfies ||¥(a) — ®(a)|| < € for a € F, provided 7 is
small enough. O
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Corollary 5.7. Let ® be a nuclear completely positive type map from C}(XxG)
into a C*-algebra A. Then for every e > 0 and every finite subset F of C(XxQ)
there exists a completely positive map ¥ : CH(XxG) — A, with compact support
such that

[¥(a) — @(a)| <€ for a€F.

Proof. This follows immediately from Lemma 5.6 and from the fact that & = lim; ®;
in the topology of norm pointwise convergence, each ®; admitting a factorization
®; = Q;o P, where P; : C(XxG) — M,,(C) and Q; : M,,,(C) — A are completely
positive maps. ]

Theorem 5.8. Let (X, G) be a transformation group. The following conditions are
equivalent :

(1) (X,G) is amenable.
(2) CH(XXG) is nuclear and (X, G) has property (W).

Proof. (1) = (2) follows from the previous theorem, and from Example 4.4 (1).
(2) = (1). Let € > 0 and a compact subset K x F' of X x G be given. We want to
show the existence of a continuous positive type function h € C.(X x G) such that

V(z,t) e K x F, |h(z,t)—1] <e.

We first choose a bounded, continuous positive type function f on (X x G) x
(X x G), properly supported, such that

V(z,s) € KX F, |f(x,s,x,8)—1]<e/3.

Given ¢ € L*(G) ® Cy(X) and s € G, let us denote by R¢ the element (z,t) —
£(s7'x,ts)\/A(s). Remark that R, does not belong to Endg,(x)(L*(G) ® Co(X)
and that

<Rs£7 7]) (:‘C) = <£a Rs*177> (s_lm)
for £,m € L*(G) ® Co(X).

Let @ : Cf(XxG) — CF(XxG) be a completely positive contraction with com-
pact support and let £ € L?(G) ® Co(X). We define h on X x G by

h(xv S) = <Rs—1£7 (I)(f(x,s))§> (Silx)'

Let us observe that A is a continuous positive type function with compact support.
First, since (z,s) — f(gg,s) is a continuous function from X x G into C}(X xG), we
see that A is continuous. Moreover, using the facts that f is properly supported and
that ® has a compact support, we get that h is compactly supported. Finally, a
straightforward computation gives

h(Sil.'L', Silt) = <Rs€7 (I)(f(sflm,sflt))Rt€> (CC),

the crucial point being that ®(f;-1,,-14)) € Cr(XxG) commutes with R;. Since

(w,t) — ®(f(4,)) is completely positive, we see that h is of positive type.
Let us explain now how we choose &£ and ®. Let us take a compact neighbourhood
V of e in G, small enough such that

|f(z,s,vz,vs01) — fx,s,2,8) <e/3, Y(z,s,v,v) € KxFxVxV!
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We consider a nonnegative continuous function ¢ with support in V such that

1
/ Q\p/mdt = 1. Let ¢ : X — [0, 1] be a continuous function with compact support
such that p(x) = 1 for all z € K U F7'K. Then ¢ will be the element (x,t) —
p(2)1(t) of L*(G) ® Co(X).

Since the set {f(;.5) : (7,5) € K x F'} is compact in C; (X xG), given n > 0, we
can choose @, thanks to Corollary 5.7, such that

H(I)(f(r,s)) - f(m,s))”r <7 V(w,s) € K X F,

where ||.||, denotes the norm in the reduced crossed product. Let us take n such

that n sup(/ &z, u)|2du) < £/3. Tt follows that
reX

(2, 8) — (Ry 16 A(f)€) (s~ '2)| < /3 V(a,s) € K x F.

Observe now that

( s—1&, A(f(:):s

T, us J:wlu
&(

/<R

f(z,s,us o, w)dudw,

and that for (z, ) € K xXF,

&(x,us™ Lo, w lu)d duo — Y(us™1) h(w™ lu)dudw

ﬁ ﬁ““" ﬁﬁ

w us~
/ \/A \/A dw]du
_ ¢(t_ )dt 2_ 1
( NO) )
Hence we have, for (z,s) € K x F,
|h(z,s) — f(z,s,z,5)|
P(us™) Y(w )
/|f x,s,us 'z, w) — f(z,s,z,5)] AG) JAM) dudw + ¢/3.

But inside the integral, we have us™' € V and w™'u € V, and writing w =

us~lsu~lw, we get, by the choice of V, that |h(x,s) — f(z,s,z,s)| < 2¢/3 for
all (z,s) € K x F.
Finally, it follows that |h(z,s) — 1| < ¢ for all (x,s) € K x F.
]

As a consequence of the previous theorem, a group G is amenable if and only if
its reduced C*-algebra is nuclear and G has property (W). In fact, in this case a
stronger result is obtained in the next proposition.

Proposition 5.9. A locally compact compact group G is amenable if and only if it
has property (W) and its von Neumann algebra L(G) is injective.
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Proof. Recall that £(G) is the von Neumann algebra generated in B(L?(G)) by the
left translation operators s, s € G. Assume that £(G) is injective and that G has
property (W). The proof of Theorem 5.8 can be easily adapted. Given ¢ € L?(G), a
bounded continuous positive type function f on the group G xG, properly supported,
and a completely positive map ¢ : C}(G) — L(G), with compact support, we define
h:G — C by

H(s) = (s, (1))
where (ps€)(t) = &(ts)\/A(s) and fs(t) = (1/4/A(t))f(s,t). Then h is a continuous

positive type function on G, with compact support.

Let ¢ > 0 and a compact subset F' of G be given. We choose ¢ and f as in
the proof of the previous theorem, X being here reduced to a point. Remark that
{ps—1€ : s € F} and {fs : s € F} are compact in the normed spaces L*(G) and
C}(G) C L(G) respectively. Since L(G) is injective, there is a net (®;) of completely
positive contractions from C}(G) to £(G) which factorize through matrix algebras
and converge to the inclusion C}(G) — L(G) in the topology of pointwise weak
convergence. Using Lemma 5.6, we can find ¢ : C)(G) — L(G) compactly supported
such that

‘<p5—1§7(1)(f~5)£> - <ps—1£7A(fs)€>‘ < 5/3

for every s € F. Then we conclude as in the proof of Theorem 5.8. (|

Remark 5.10. Let us remark that Lau and Paterson obtained [22] the following
similar result: G is amenable if and only if £(G) is an injective von Neumann
algebra and G is inner amenable. More generally, given a quasi-invariant measure
w on a locally compact G-space X, they showed that the following conditions are
equivalent: (a) G is amenable; (b) the von Neumann crossed product L (X, u)xG
is injective, L*°(X, 1) has a G-invariant mean, and G is inner amenable.

Observe that for every almost connected or type I locally compact group G,
the full C*-algebra C*(G) is nuclear (see [27]). The case of almost connected group
relies on Connes’ result stating the nuclearity of C*(G) for every separable connected
locally compact group. By Theorem 5.8, these groups do not have property (W)
unless they are amenable.

6. AMENABLE G-ALGEBRAS

At present it is not clear what should be the right definition of amenability for a
G-C*-algebra A. Certainly it should imply that C}(G, A) = C*(G, A), and imply
also that C)(G, A) is nuclear under the assumption that A is nuclear.

Let us observe that the equality of both crossed products is not a functorial
property. More precisely, given an equivariant morphism ® from a G-C*-algebra A
into a G-C*-algebra B, it may happen that C)(G, A) = C*(G, A) and C}(G, B) #
C*(G, B). Let us consider for example a discrete group G, A = Cy(G) and B =
K(¢%(G)), respectively the C*-algebra of functions on G vanishing at infinity, and
the C*-algebra of compact operators. We let G act on B by t — Ad ), and on
A by restriction. This latter action is induced by the proper action of G onto
itself by translation, and therefore C}(G, A) = C*(G, A). On the other hand, one
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has C¥(G,B) = B® C}(G) and C*(G,B) = B ® C*(G), and therefore these two
C*-algebras coincide only if G is amenable.

It seems reasonable to include in the definition of amenability for G-C*-algebras
the following functoriality assumption. We do not know whether it is redundant.

Definition 6.1. We say that a G-action on a C*-algebra A is weakly amenable (or
that the G-C*-algebra A is weakly amenable) if for every G-C*-algebra B, we have
C*(G,A® B) = C} (G, A® B) with respect to the diagonal action.

We say that the G-action is strongly amenable if there exists an amenable G-space
X such that A is a G-Cp(X)-algebra.

We do not have any reason to choose the spatial tensor product, instead of the
maximal one, in the definition of weak amenability. A more natural definition could
be to require the functoriality property stated in 9.2. (c¢) below.

Clearly, Theorem 5.3 implies that every strongly amenable G-C*-algebra is weakly
amenable.

Definition 6.2. Let a : G — Aut(A) be a morphism from a group G into the
automorphism group of a C*-algebra A. We say that a function h : G — A is of
positive type with respect to a if for every positive integer n and every t1,...,t, € G
the matrix [ay, (h(t; 't;))] € M, (A) is positive.

Proposition 6.3. A transformation group (X,G) is amenable if and only if the
G-C*-algebra Cy(X) is strongly amenable.

Proof. Assume that G-C*-algebra Cp(X) is strongly amenable. There exist an
amenable G-space Y and a G-equivariant morphism from Cy(Y') into Cp(X) (the
algebra of bounded continuous functions on X) such that Co(Y)Co(X) = Co(X).
Let (h;)icr be a net of positive type functions in C.(Y x G) which goes to 1 uniformly
on compact subsets of Y x G.

Let us view every element h of C.(Y x G) as a continuous function from G into
Co(Y). Then h is of positive type in the sense of Definition 2.3 if and only if for
every positive integer n and every ty,...,t, € G the matrix [ay, (h(t; 't;)] is positive
in M,(Cy(Y)), where « is the induced action of G on Cy(Y). Let ¢ be a continuous
nonnegative function on X with compact support. Then t — h(t)p defines an
element of C.(G x X), which is of positive type if h is so. Indeed the matrix
[, (R(t; 1), ()] is then positive since a coefficientwise product of two positive
matrices with coefficients in a commutative C*-algebra is still positive. Let us
consider an approximate unit (¢ )aep in Co(X) consisting of nonnegative functions
with compact support. Then (higpk)(a AelxA 1S a net of positive type functions in
C.(X x G) going to one uniformly on compact subsets. Therefore (X,G) is an
amenable transformation group.

The converse is obvious. n

In connection with the comparison problem of weak and strong amenability for

G-C*-algebras, let us recall the following result which is essentially contained in [2].

Proposition 6.4. Let A be a G-C*-algebra with A nuclear and G discrete. The
following condition are equivalent:
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(1) The G-action on A is weakly amenable.

(2) The C*-algebra C} (G, A) is nuclear.

(3) There exists a net (h;) of positive type functions from G to Z(A") (the centre
of the envelopping von Neumann algebra of A, viewed as a G-C*-algebra)
with finite support such that
(a) hi(e) =1 for all i;

(b) for all s € G, lim; hi(s) =1 in the o-weak topology of A”.

Proof. For the proof of (1) = (2) see Theorem 5.3, and for the proof of (2) = (3) we
refer to [2, Théoreme 4.5]. Let us prove that (3) = (1). Using Lemma 2.4, we may
write hi(s) = (&, @s&;) where & € 2(G)® Z(A") and as&;(t) = as(&(s71t)). Here a
denotes the G-action on A as well as its extension to A”. Following the same pattern
as in the proof of (1) = (2) in Theorem 5.3, given a covariant representation (7, o)
of the G-C*-algebra A into H, and v € H, we define n;(t) = o(t~1)7(&(t))v, where
7 is extended to A”. In the same way, we conclude that for every f € C*(G, A) we
have

lim (i, (T > A)(f)m) = (v, (T x A)(f)v)-

It follows that C)(G, A) = C*(G, A).

Finally, let B be another G-C*-algebra. Then net (h; ®1) has the same properties
a), b) with respect to the G-C*-algebra A ® B, and therefore C}(G,A ® B) =
C*(G,A® B). O

Remark 6.5. In order to get the strong amenability in the previous proposition, we
need to show that the h;’s can be taken with value in Z(M(A)) instead of Z(A”),
and to replace the o-weak topology by the strict topology.

7. AMENABILITY AT INFINITY AND EXACTNESS

Although there is an obvious notion of amenability at infinity for transformation
groups, we do not develop that theory, since we do not know at the moment any
example not having this property. This notion, in the more general framework
of locally compact groupoids, where counterexamples exist, will be the subject of a
forthcoming paper. In this section we shall only consider the case of locally compact
groups.

Definition 7.1 ([19]). We say that a locally compact group G is ezxact if for every
G-equivariant exact sequence

0—I—A— A/ —0
of G-C*-algebras, the sequence
0— CIG,I) — C:G,A) — CIG,A/I) — 0
is exact.

Recall also that the corresponding sequence with the full crossed products instead
of the reduced ones is automatically exact. For the basic facts on exact C*-algebras,
we refer to [33].
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Theorem 7.2. Let G be a locally compact group and consider the following condi-
tions :

1) G is amenable at infinity.

(2) G is exact.

(3) For every exact G-C*-algebra B, the crossed product C} (G, B) is an exact
C*-algebra.

(4) CX(G) is an exact C*-algebra.

Then (1) = (2) = (3) = (4).
Proof. (1) = (2). Assume that (Y, @) is an amenable transformation group with

Y compact. Let 0 - I — A — A/I — 0 be a G-equivariant exact sequence of
G-C*-algebras. Then

0-CY)®I-CY)@A—-C(Y)®A/I -0

is obviously a G-equivariant exact sequence of G-C(Y')-algebras, when these algebras
are endowed with the diagonal G-actions. The corresponding sequence

0—-C"(G,CY)®I) - C"(G,CY)® A) - C"(G,C(Y)® A/I)) — 0

of full crossed products is exact. On the other hand, by Theorem 5.3 the full and
reduced crossed products are the same. Then we obtain the following commutative
diagram

0— CHG,I) —"—  CHGA) T CHG A/ —0

ldﬁ lqu l(bA
0— CHG,C(Y,I)) —— C}HG,C(Y,A) —— CHG,C(Y,A/I)) =0

where the bottom line is exact and the vertical arrows are the inclusions induced by
the corresponding G-equivariant embeddings of I, A and A/I into C(Y,I), C(Y, A)
and C(Y, A/I) respectively.

Let us show that the first line is exact in the middle. Let a € C}(G, A) such that
¢r(a) = 0. Then we have ¢4(a) € C}(G,C(Y,I)). Given an approximate unit (uy)
for I, the net (¢r(uy)) is an approximate unit of multipliers of C}(G,C(Y,I)). It
follows that

¢ala) = limér(ur)a(a) = lim ér(ura) € ¢1(C; (G, 1)),

and thus a € C}(G, I) since ¢4 is injective.
(2) = (3). Let B be an exact G-C*-algebra and 0 - I — A — A/I — 0 be a
short exact sequence. Then

0-I®B—>A®B— A/I®B—0

is an exact sequence of G-C*-algebras where G acts trivially on the first component
of each tensor product. By (2),

0— CHG,I®B) — CHG,A® B) - C}(G,A/I® B) — 0
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is an exact sequence, and we just have to observe that it coincides with the following
one:

0—-1I®C:G,B)—-A®C:G,B)— A/l ®C:(G,B) — 0.
(3) = (4) is obvious. O

Theorem 7.3. Let G be a locally compact group with property (W) such that C}(G)
is exact. Then G is amenable at infinity.

Proof. We follow the same pattern as in the proof of (2) = (1) given in Theorem 5.8,
using here Kirchberg’s characterization of exactness (see [18] or [33]) : there exists
a net (®; = Q; o P;) of completely positive contractions from C(G) into B(L*(G)),
where P; : C}(G) — M, (C) and Q; : M,,(C) — B(L*(G)) are completely positive
contractions, such that for every a € C¥(G), lim; ||®;(a) — a|| = 0. Moreover, by
Corollary 5.7, the maps ®; can be choosen with compact support.

Let € > 0 and a compact subset K of G be given. We want to show the existence
of a positive type kernel h € Cp, 4(G x G) such that |h(s,t) — 1| < e for all (s,t) with
st e K.

We first choose a bounded continuous positive type function f on the group G xG,
properly supported such that

VseF, |f(s,s)—1|<¢g/3.

Let @ : C(G) — B(H) be a completely positive contraction with compact support,
and let £ € L?(G). We define h on G x G by

h(57t) = <p857 q)(fs—lt)pt€>7

where p denotes the right regular representation of G and f(t) = (1/1/A(t))f(s,t).
Then h is a bounded continuous positive type kernel, supported in a tube Tr =
{(s,t) € G x G : s7't € F} where F is a compact subset of G depending on the
supports of ® and f. The main point is to show that h € C»(G x G), in other
words that g = h o 0 extends continuouly to %G x G. Recall that

g(s,t) = h(s™ ' s71) = (p16, (fr) ps-1,6).-
Set M = sup || f||,. Fixing ¢t € G, let us show first that s — g(s,t) belongs to
teF

Cy(G). This is a consequence of the following computation:

|9(us,t) = g(5,8)] = [(pe1u-1&, P(fr)ps1u-16E) = (P51 B(Fi)ps146)
< ”ps*lu*lf - ps*1€‘| ||f~lt”7"H§H + |<ps*1§7 ®(ﬂ)(ps*1u*1t£ - ps’1t§)>|
< Mllpy—1& = EIEN+ MIEN pu-16€ — pe€]l-

Therefore, we may extend ¢ to a function, still denoted by g, on %G x G, such
that © — g(x,t) is continuous on [“G for every ¢t € G. Let us show now the
continuity of g in (xg,t9) € "G x G. We write, for z € G, s,t € G,

l9(z,t) — g(wo,t0)| < |g(x,t) — g(z,t0)| + |g(x, t0) — g(z0,t0)],
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and
g(S, t) - g(S, to) = <ps—1£’ q)(ft)ps—lt§> - <ps—1§v @(ﬁo)ps—lt()g)
= <ps*1£7 (I)(ft - ﬁo)ps*1t£> + <Ps*157 <I>(J(N‘to)(psfltf - ps*1t0£)>-

Therefore, we get

19(5,) = g(s,t0)| < IEIPNFe = Fuollr + MUEN 0 = pro&]l-

It follows that given €1 > 0, there exists a neighbourhood Wy of ¢ty in G such that
for all t € Wy and all s € G, we have |g(s,t) — g(s,t0)| < 1/2. This inequality
remains true for all x € [B“G, since g is continuous in the first variable and G
is dense into S“G. Finally, we may choose a neighbourhood Uy of zy such that
lg(x,to)—g(zo,t0)| < e1/2 for all z € Uy, and therefore we get |g(z,t)—g(xo, to)| < €1
if (x,t) € Uy x Wy.

To conclude we remark that exactly as in the proof of Theorem 5.8, we can choose
® and ¢ so that |h(s,t) — 1| < ¢ for all (s,t) with s7't € K. O

Remark 7.4. All almost connected locally compact groups are amenable at infinity
but, as already observed, they do not satisfy property (W) unless they are amenable.
We do not know if the exactness of C;(G) is enough to imply the amenability at
infinity of G.

Note that for a discrete group, all the natural notions of exactness stated in
Theorem 7.2 are equivalent. The fact that (4) implies the nuclearity of C(8*GxG)
was obtained directly by Ozawa [25], without using our Theorem 5.8 (see also [13]).
The equivalence between (2) and (4) is a result of Kirchberg and Wassermann [19].

8. THE CASE OF DISCRETE GROUP ACTIONS

In this section G will be a discrete group. Our proof in Theorem 5.8 showing that
the nuclearity of Cf(X xG) implies the amenability of the transformation group only
involves completely positive maps and positive type functions. On the other hand,
in our proof of the converse given in Theorem 5.3, we use the representation theory
and the characterization of nuclearity in terms of C*-norms on tensor products. In
certain situations, such as entropy theory, it can be useful to have more explicit
proofs, where completely positive finite rank maps approximating the identity are
actually constructed.

In [31], Sinclair and Smith studied the crossed product C*(G, A), for an action of
an amenable discrete group G on a C*-algebra A having the Haagerup completely
bounded approximation property (CBAP). In order to prove the invariance of the
Haagerup constant A(A) under crossed products by amenable discrete groups they
constructed explicitely finite rank, completely bounded maps on C*(G, A), approx-
imating the identity map of C*(G, A). In fact their approach can be easily adapted
to get that their result remains true for every strongly amenable G-action of any
discrete group, and also to prove directly that (1) = (4) in Theorem 5.3.

We keep as much as possible the notations of the paper of Sinclair and Smith.
Assume that A is a G-Cy(X)-algebra with (X, G) amenable, and denote by a the
G-action. We consider a faithful non degenerate representation of A in a Hilbert
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space H such that the G-action is implemented by a unitary representation t — u;
of G. We set vy = p; ® uy where p is the right regular representation of G. Given a
bounded function f : G — Cp(X) we define the bounded operator ms on ¢*(G, H)
by

my&(s) = a5 ' (f(s))E(s), V€ € (G, H).
Assume that f has a finite support. For = € B(¢2(G, H)), we set

T¢(x) = Z VEM MU

teG
An elementary computation shows that, if I denotes the identity operator, then
T¢(I) = mgy, where g is the constant function on G, whose value is the scalar

product (f, f) € Cy(X) in the Hilbert C*-module ¢*(G) @ Cy(X). In particular, T
is a completely positive map and ||Ty|| = || f||3 := sup,ex > sec |f (@, 1)

Given a finite subset F of G we denote by Pr the projection from ¢?(G) onto the
vector space generated by the elements d;, t € F, where ¢§; is the Dirac mass at t.

Lemma 8.1. Let ® : A — A be a completely bounded map, f : G — Cy(X) with
finite support, and let F' be a finite subset of G. Then for everya € A and s € G
the sum

> wms(I @ @) ((Pr @ I)m(a)Xs(Pr ® I))mfo;

teG
converges in the strong operator topology to

Y m(fOas(f(s™) ) an(@(ag-1(a))) As.

teFNsF

Proof. The computation is the same as in the proof of [31, Lemma 3.2]. Here 7 is
the representation defined on ¢2(G) ® H by m(a)&(t) = a,-1(a)é(t), and we write Ag
instead of \; ® 1x. O

In particular we see that z — Ty ((I ® ®)((Pr @ I)z(Pp ® I))) is a completely
bounded map from C} (G, A) into itself; it has a finite rank if ® has a finite rank. It
is completely positive if ® is so.

Proposition 8.2. Let (X, G) be an amenable transformation group and let A be a
nuclear G-Cy(X)-algebra. Then C}(G, A) is nuclear.

Proof. Givene >0, ay,...,a,, € Aand sq,...,s, € G, let us construct a finite rank
completely positive contraction ¥ : C*(G, A) — C}(G, A) such that

[W(m(ai)As;) — m(ai)As, || <&, for 1<i<m,1<j<n.

Using an approximate unit in Cp(X) we may assume that there exist a compact
subset K of X and a continuous function ¢ with support in K such that ¢a; = a;
fori=1,...,m. Let n = ¢/(1 + max{||7(a;)|| : 1 <i < m}). Thanks to Proposition
2.5, we can choose a function f : G — C.(X) with || f||2 < 1 and finite support C
such that

|Zf(x,t)f(sj_lx,sj_lt) -1 <n for ze€eK,j=1,...,n,
teG



AMENABILITY AND EXACTNESS 25

where f(x,t) = f(t)(x).
Then we set F = C Us;'C'U---Us;'C and we choose a finite rank completely
positive contraction ® : A — A such that

19 (1 (a3)) = a1 (@) || < n(Y_ IFO?)

teG

fort € Fand 1 <i <m. It follows that

I (e (@(evr-1(a:)))) —mlaa)l| < (Y IF @)1

teG

fort € Fand 1 <i<m. For x € C}(G, A) we define
U(z) =TI ®®P)(Pr@x(Prel)),
and as in the proof of [31, Theorem 3.4], one shows that
[W(m(ai)As;) — m(ai) A, || <e for 1<i<m,1<j<n.
Indeed, we write
W (m(ai)As;) — m(ai)As, ||
< Y0 w(F s (f(s510)) (mlaw(@(ay-1(ai)) = m(ai)) As |

teFNs; I
+1 D w(fas (Fs710)7) = Dm(a) s |
teFNs; F
<( X W@ MNaQ IF IR +allw(an)ll (+)
teFNs; F teG

< (A + [[7(ai)|)n <e,

where we use the Cauchy-Schwarz inequality in the first part of the expression (x).
To conclude, we remark that ¥ is obviously a contraction. ([

Let us recall that for a C*-algebra A, A(A) denotes the infimum of the numbers
A > 0 for which there exists a net of finite rank completely bounded maps ®; : A — A
converging to the identity in the point norm topology such that ||®;|| < A for all
1. In the same way we get:

Proposition 8.3. Let (X,G) be an amenable transformation group and let A be
G-Cy(X)-algebra. Then A(C}(G,A)) = A(A).

Remark 8.4. The same result was obtained in [3] in the framework of von Neumann
algebra for every amenable action of a locally compact group on a von Neumann
algebra. For the case of an action of an amenable locally compact group we also
refer to [15].
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9. PROBLEMS

9.1. We observed in Section 4 that every inner amenable locally compact group
has property (W). We do not know whether property (W) can be strictly weaker.
For almost connected groups or Type I groups, property (W) (as well as inner
amenability) is equivalent to amenability (see Remark 5.10). On the other hand,
every discrete group has property (W). Therefore, if there exist examples of locally
compact groups with property (W) which are not inner amenable, they should be
investigated in the class of non discrete non type I totally disconnected groups.
9.2. As mentioned in Section 6, the right definition of an amenable G-C*-algebra is
still unclear, and many problems remain unsolved. The notion of strong amenability
introduced in 6.1 is quite natural, but might be too strong for some purposes. It
is tempting to define a G-C*-algebra A to be amenable if and only if C*(G, A) =
C; (G, A). One would like to solve the following questions:

(a) If A is a nuclear G-C*-algebra, does the equality C*(G,A) = C(G,A)
implies that C(G, A) is nuclear?

(b) Does the equality C*(G, A) = C}(G, A) remains true for the restriction to
any closed subgroup?

(c) Is the property C*(G,A) = C}(G, A) functorial in an appropriate sense?
This would solve question (a). The strongest reasonable functoriality prop-
erty is the following one: given any G-C*-algebra B and any G-equivariant
morphism ® : A — M(B) such that ®(A)B = B and ®(Z(M(A)) C
Z(M(B)), does the equality C*(G, A) = C}(G, A) imply that C*(G, B) =
Cx(G, B)?

(d) If A is a simple G-C*-algebra, does the equality C*(G, A) = C}(G, A) imply
that G is amenable?

Even in the case of a discrete group G acting on a commutative C*-algebra
Co(X), we do not know whether C*(X xG) = C}(XxG) implies the nuclearity of
C} (X x@G). However, we know that C;(X xG) is nuclear if and only if (X, G) is an
amenable G-space, and therefore if and only if the G-C*-algebra Cp(X) is strongly
amenable (see Theorem 5.3 and Proposition 6.3).

Some conditions sufficient to ensure that C*(G, A) = C(G, A) for a non neces-
sarily commutative C*-algebra A have been studied in [8], [9].

Let us remark that already in the case of proper actions, there is no obvious defi-
nition of a proper G-C*-algebra A when A is not commutative. For a comprehensive
analysis of this question we refer to [30].

9.3. For any locally compact group, does the exactness of G imply that G acts
amenably on a compact space?

Does the exactness of G is equivalent to the exactness of its reduced C*-algebra?
(see the concluding remarks in [19])

Acknowledgement I would like to thank J. Renault for valuable discussions concern-
ing property (W) and amenability at infinity.
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